AD-A096 464 CENTER FOR NAVAL ANALYSES ALEXANDRIA VA F/6 20/4
THE TRANSPORT PROPERTIES OF DILUTE GASES IN A
A THOMAS PPLIED FIELDS. (V)
UNCLASSIFIED CNA=-PP-2u48

1«3
‘Sq basa




cow
o VI
! )

N 13 o
ool ‘Er E’

55 000248.00

THE TRANSPORT PROPERTIES OF DILUTE GASES
IN APPLIED FIELDS

T T T,

ADAOY

James A, Thomas, Jr. 1

v

Professional Paper No. 248

March 1979

o !
“THIS DO e g, DTlC

”EROVED PO . I':-_‘".F_-CTE.
v 1T 188

CULLIC RE_EASL

D

The ideas expressed in this paper are those of the
author. The paper does not necessarily represent
the views of the Center for Naval Analyscs.

35 CENTER FOR NAVAL ANALYSES
D 1401 Wilson Boulevard
{ Arlington, Virginia 22209

v

—

£

1

&
\"’ ’ -

- s

81 3 12 080




!'lIlIlIllllllll"""-lll'-"-"'-lllllllllIllllllllllll""""'-"""""""“

Accession For

—— - - - - - |
FTIS GRA&I - ¢
a
d

DTIC TAB
; Unannounced
Justification ]

By __
__Dist ribution/

Availabilitv Codes
L o

;‘Ava:l atiy/er
Dist Special

|
|

_ . |
CTUTHE PRANSTO b e g |
Zup e s 3

OF DILUTE Casie o SIS 4 4

Z = = = {
o 4

10y my o
D)Mo 1 )2J17: J

<"L(0.)‘Tan1k‘s A /’[": RN a

-
Under the supervision o7 o o P durtiss j
1V Pryfost /
{
3
y 5 ’ -1 )
ERRSY7 Il o Ll
Center o v 'l Clees 1
TAOL Wil o S
Arlingtor Lo R
/)”] v.' . |
1
1
!

DTIC

ELECTE
i 17 1981

D

*This wor's was o ;'E‘}"‘."‘E [COE I T Pt o was A j
araduate student in v o

PR

ot el Cheri st ey

Tnstitute of the Univeraicss U laconsin.

- -

7189 v

T




R

THE TRANSPORT PROPERTIES
OF DILUTE GASES IN APPLILD FITLDS

James A. Thomas, .r.

Under the supervision of Professor C. F. Curtiss

ABSTRACT

JCollision integrals developed and partially evaluated by
L. W. Hunter and R. F. Snider, and utilized by Hunter in his
treatment of the effects of a magnetic field on the shear
viscosity and thermal conductivity cf sinale component diatomic
gases, are cast in the Generalized Phase Shift (GPS) formalism
of C. F. Curtiss. This, along with the introduction of certain
operators, allows the collision integrals to be considerably
simplified by facilitating the evaluation of several summations
and angle integrations.

The difficulties inherent 1n treating diatom-diatom
interactions lead to consideration of binarv gaseous mixtures
in which the dominant species is atomic, the diatomic species
being restricted to low concentrations. “uch systers require
consideration of atom-atom and ator 4iator anteractions only,
Employing methods introduced by Hunter, scaiar equations are
obtained for the transport properticvs; of binary mixtures in

applied magnetic fields. The collision intearals occurring in

*This research was supported by National Scicnie Foundation
Grants CHE74-1/494 AO1 and CHE77-15/751.
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these equations are found to be generalizations of those

discussed by Hunter and Snider,

The shear viscosity of an atom-diatom mixture in an applied
magnetic field is then treated in detail. The basis set is
truncated and the diatomic species is restricted to low
concentrations. The expressions obtained for the shear
viscosity tensor are in qualitative agreement with experimental

observations. Steps leading to calculation of the shear

viscosity tensor in this particular case are discussed.
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[0 RODUCTION
1. The Senftleben-Beenakker £ffect i

Calculated values of the transport properties of dilute
polyatomic gases that compare favorably with experimentally ,

]
measured values can be obtained by treating the molecules

as point particles, i.e., as structureless particles
interacting via a spherical intermolecular potential
Incorporating internal molecular structure ind angular
dependence of the i1nteraction potential cemplicates the
transport property calculations considerably, but makes
only small contributions to the calculated value. This
fact somewhat reduces the incentive for carrying ~ut such

calculations, and makes it difficult to assess the relative

merits of various treatments of the non-soherical contribution. :
The spherical treatuent, hawever, is ipcapahle of accounting ﬂ
for the effect ot an aoplied external ficld an the transport
properties of polyatoric molecules. This effect, known as
the Senftleben-Beenakker effest tor the ron who first ohserved
it experimentally for pararacretic and diamagnetic molecules,
respectively, can actually be measured more accurately than
"
the transport properties themselves, [t is extrerely
sensitive to the ani=otropic part of the intermolecular potential

of molecules possessing internal structure, and for this reason,

may provide a useful means of probing ronspherical interactions.




There is a simple physical exp]anation3 of the eftect.
Under the influence of a gradient in one or more of the
macroscopic variables of a system, the molecules tend to change
their distribution so as to reduce tne magnitude of the gradient,
or gradients involved. The result is a flow within the system.
Since the molecules are nonspherical, the collision probabilities
are functions of the orientatinns, and consequently, the
molecules have a tendencv to align. This results in 4 value
for the transport property that is siightly larger than that
which would obtain in the absence of any alignnent.

Since both paramagnetic and diamagnetic molecules have
net magnetic moments, in the presence of a magnetic field
they precess about the field direction. EIxcept for those
components parallel to the field, this precession tends to
destroy the preferential alignments, or polarizations, resulting
from the presence of the gradients. As a ccnsequence, the
transport properties of molecules with net maanatic moments
are reduced4 in the presence of an externa) magnetic field.

The extent of the destruct.cr of toe polarizations is
directly related to the average number of precessions between
collisions. The precession frequency is proportional to the

magnetic field strength, HM , while the time between collisions

is inversely proportional to the pressure, p , for a dilute




gas. At constant temperature, the extent of the destruction
of polarization, and consequently the Senftleben-Eeenakker effect,

is salely a function of H“/p . At sufficierntly high field

Seeax e

strengths, polarizaticn is corpietely destrcyed, and saturation
occurs.,

In extending the above picture, it is apparent that any
polyatomic gas will exhibit a similar effect wnen subjected to
an external field capable of causing the molecules to precess.
Other than the case of polar molecules in eleciric fields,

however, the field strengths required to cause a reasonable

degree of precession are so high as to make practical

A

applications virtually impossib1e.* :
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2. Theory and Experiment — A Brief Hiuvtory'

The effect of a magnetic *reld ~r the thermsl conductivity ‘
of gaseous 0, was first observed by b Senftleben = in 1930. v
Engelhardt and Sack7 then observed the Senftleben effect on
the viscosity of 0, in 1932. The tfact cnat N0 heneves n the
same manner as 0; coupled with trne fa i that in ooxtures with
non-paramagnetic gases, the ef*sct 15 pronortional to the rcle

’

fraction of the paramagnetic stecies, led early atservers o
the (erroneous) conclusion that the Senftleben efie.t is a
property of paramagnetic gases only. fOtner observations o

the first decade ’ of such studies were tnat in ne presence
of a magnetic field, the transport coefticients of paramagnetic
gases decrease by from 0.1 to 1.07; that the effect is even

in the magnetic field; and that at constant temperature, 1t is
a function of the field strength divided by the pressure.

ad €1, Gorter

The observations of the first decede
to an early qualitative explanation ¢of the effect in 1938,
His explanation, based upon con.ideratizn ot toe eftect of a
magnetic field on the mean free cath ¢ an L. melecule, was
. a !
treates more quantitatively in 1939 by Zernike and van Lier.’

These early develeopments treated the rotating paramagnetic
Yy f ; (

molecule as a disc with a magnetic mer:nt in the direction of

the axis of rotation. The cross section depends on the angle




between the axis of rotation and the direction of motion. In

the absence of a imagnetic field, the direction of the axis of
rotation is conserved between collision.. In the presence of
a field, however, the maanetic roment, and consequently the
axis of rotation, precesses about the directicn of the field.
The collision cross section now changes periodicelly during
the flight of the molecule, necessitating an averaning over
the precessions in the mean-free-path picture. Tiis additional
averaging leads to the decrease in the transport properties.
The mean-free-path approach adequately accounts fcr the
phenomenon of saturation, the functiona® depondence on Hy/p
and the dependence on the ole fraction of psiaracnetic species
in a mixture.

Following the 1930's, during which the Senfticben effect on
paramaynetic gases was studied extensively, e:sentially no

studies of field effects tack place unt:’ tne varly 1360'<.

. . mn o
Then in 1961, Kagan and Maksimov rresentad oa veriational
calculation o7 the Senftlieven ¢ffel® 5n “ne L orngl conductivity
of 0:. Their trestment o* the 1o o lascical Peltzmann

equation utilizes an elastic collis on ~adel and a truncated
expansion of the distritbuticn funct:on in terms of irreducible

Cartesian tensors in the (reduced peculiar) velocity, W , and

the rotational angular momentum,




As early as 1939, Chapman and Cowling i had realized that
in the presence of a perturbing gradient, tor example /o T,
the nonequilibrium diciribution tunction, wririen o
f = f(o)(l +9) with =« = <AV 7, could contain terms involving
J . Since no physical reason was seen to consider poldrization
of nonspnerical molecules in dilute gascs av tnat Tipe:, they
disregarded the anisotropy of the distritution funcrion in
choosing instead to write A n the nonatomic fove, MGG .
In 1961, in a treatment of diatomics, ragan and Afanas'ev ]
noted correctly that A snhould include terms involving all
possible true vectors which can tie constructed from W and J
i.e., that A should be written as A = Ajd A WxJ +A5(W-])]
The Senftleben effect is then the resuit of the reduction of the

anisotropy in J space due to the precession of the molecules

in the presence of a magnetic field.

2

The following year, 1962, J. J. M. Beenakker]‘ measured the
change in the viscosity of N2 and other diamagnetic 3ases in the
presence of a magnetic field, removing the restriction of these
field effects to paramagnetic molecules. Analogous measurements
of the thermal conductivity were conducted by Gorelik and

14 shortly thereafter. This experimental work involving

Sinitsyn
field effects on diamagnetic gases has becn followed by
considerably renewed interest in the Senftlehen-Becnakker effect

from both experimental and theoretical standpoints. 5 Extensive




experimental information is now available, as well as numerous
theoretical developients. Unfortunately, very few numerical

caiculations of field effects on transport properties have been

attempted. This work is a step toward such calculations.

e e o

PP

bt

T, gt L

*

R




3. Scope

To date, most theorotical develapments ¢f the transport
properties of polyatomic ga.es in applied fields utilize a
Chapman-Enskog procedure 10 to solve the equacion, for the
transport coefficients. Arquuents are advanced to j-stify the
truncations made, but most dare not truly justified until the
solution has been cbra-nd. 2 L. W, Hunter hos devised a
procedure to treat trunsport pragertios that allows the tensor
analysis to be completed before any truncation is 1o essary.
Hunter's techniques are examined in “art [ of thi- ihesis, and
the collision integrals ari<ing in his treatment 40 cast in
terms of the reduced scattering matrix of Curtiss ' and
co-workers. These collision intearals are then <'aplified
considerably by the introduction of certain operators and the
explicit evaluation of 3 number of the sums and angle
integrals involved.

Hunter's treatmant applies ta a sintle-component diatomic
gas. Calculation of the tran-port pronerties of sucht a system
is complicated by the depridenie of the interaction patential on
the orientations of the colliding diatomirs. Recentlv, a
calculation of the transport properties of an atom-diatom mixture,
in which the diatom is present in low concentration, has been

completed by R. Wood. 16 Such a calculation requires

consideration of atom-atom and atom-diatom interactions

e e ———



exclusively. Since the Senftleben-Beenakker effect is observed in
mixtures, it seems reasonable that a detailed calculation of the
effect should first be attempted for an atom-diatom mixture
involving a diamagnetic diatomic species in low concentration, and
later generalized to a purely diatomic gas. In establishing the
groundwork essential to an atom-diatom calculation, Hunter's
development for a single component gas is first generalized to
binary gas mixtures. This is accomplished in Part II.

Then in Part III, the equations derived in Part Il for a
binary gas mixture are restricted to an atom-diatom mixture that
is predominantly atomic, and expressions for the shear viscosity
are developed in detail. The expressions obtained are shown to
be consistent with experimental results, and the collision
integrals involved are expressed in such fashion as to make

evident the extension of the calculations of R. Wood to the

present problem.
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PART 1

A SINGLE COMPONENT DIATOMIC GAS
IN AN APPLIED MAGNETIC FIELD

1.1 Transport Coefficients

The linearized Waldmann-Snider equationz’3 can be used to
obtain a set of tensor equations from which the transport
coefficients of a dilute gas can be determined. In most
applications, the number of polarizations of the gas is limited
to a finite set and the tensor analysis performed in a truncated
basis. L. W. Hunter has developed a technique] for carrying out
the tensor analysis with the complete set of polarizations, i.e.
before truncation of the basis. In Reference 1, Hunter demonstrates
this technique for the linear Zeeman effects on the shear viscosity
and thermal conductivity of diamagnetic molecules. A sketch of
Hunter's derivation of the scalar transport equations is given in
this section. The analogous development for binary mixtures is
carried out in detail in Part II.

In Hunter's work, the equations for the transport coefficients

involve collision integrals which are related to those discussed

and partially evaluated b Chen, Morsal. and Sm’der4 and by

oy -
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Hunter and Snider.s For convenience, expressions fiow Reference 1
will be referred to by their equation number {from the reference)
preceded by H, e.g. H-40. Similarly, those from Refecrence 4 will
be preceded by CMS, and those from Reference 5 by HS.

To obtain the basic tensor equations for the transport
coefficients, the Wigner distribution function-density operator,6

f , is expanded about the local equilibrium, f(o)

)

£ o= 1—.\0)(] ror b eee), -1

The perturbation, ¢ , is written in terms of quantities lincar
in gradients of the macroscopic variables. If only shear viscosity

and thermal conductivity are of interest,?
p = AV In T - By, 102, (1.1-2)

in which the bracket notation indicates a symmetric traceless
tensor, T is the temperature, and v, the stream velocity.

When (1.1-2) is used in the formal expressions for the heat
flux, q, and shear pressure tensor, 71, and comparison is made with
the phenomenological expressions for these quantities, H-5 and
H-9 are obtained for the thermal conductivity and shear viscosity

tensors, respectively:

7,
By 2 a
(—) n'\<(kBTHL + Hint)‘i"“\» (I.1-3)

(19~
H
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and

p = kgl <<u]{?p> (1.1-4)

In the above, kB is the Boltzmann constant, m is the mass of a

gas molecule, W = (kaBT)-l"2 p is the reduced peculiar velocity,
Hint is the internal Hamiltonian of a single molecule, and the
inner product is defined as in H-6:

<glp> = ol J ap 70 a'b, (1.1-5)

in which +~ denotes the adjoint operator, and the trace is over
internal states.

Due to the independence of macroscopic gradients, the
linearized Waldmann-Spnider equation Lecomes separate equations6
for A and B :

ZkBT.\V; {W 5 H, . - <H

{61 + 'll)’_\ = (“"nT !

and

"

g+ ig = 2udt?) (1.1-7)

in which <3gnt>>£ <<Hinti1>> , 61 is the linearized Waldmann-Snider

collision superoperator,” and L is the Larmor precession

superoperator defined by H-13,

ey e




14
Lo = ui[Jz,»:] . (1.1’8)
In the above, JZ is the component of internal inqular momentum
operator along the field, and W is the Larwor frequency:
9Ly -
wL = *—ﬁ—‘HM, (l.l‘J)
where g 1is the rotational Landd g-fac*or, by the auclear
magneton, and HM the magnetic field strength.
Using the tensor eguaticns Jjust oblained, aionyg witn the
auxiliary condition of H-14,
<<b_lll_\>> = 0, (1.1-10}
scalar equations are obtained for A and n by considering
two bases, the projection operator basis,4’5
Aoz Py vy ey, 1.1-11
Aogsj = L) Vi) Pitpy) (1.1-11)

in which gps(g) is a p-th rank tensor-valued function of W,
V(q)(g) is a g-th rank tensor operator dependent on the

internal angular mowentum operator, J , of one molecule, Pj
is a projection operator onto the j-th energy level, and pj s

the Boltzmann weight of the j-th levei; and the Wang

Chang-Uhlenbeck basis,4
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} (q) ,(a) Hint
Bast - & (DT RV T (1.1-12)

in which R£Q) is a normalized Wang Chang-Uhlenbeck polynomial
and [g](Q) is a q-th rank symmetric traceless tensor of g , €.9.
[g](z) = JJ - V;)”g , Where 8 is the second rank unit tensor.
The matrix elements of R and L 1in these two bases are given

in H-24, H-25, H-40, and H-41:

<<A(a (ll ‘ '?(1:..>>
pasy p'q's']
(1.3-13)
= _’li,_—y? -1 - : (I IR (a)
nlg BT) (2a+1)"" o(pasilp'q's'3")* o0 6, v s
(a)a:, ;. (a Vo' o, _  (q) 'y . )
< L n|.|‘|> - : Vot d 2 [
Aogsjlttifprgis i+ Log (22") 80cip'a's 3 Sura
(1.1-14)
(a)
ola)a, . gla' ) N V) 1jpast
B l“‘lB Voo gl = n(—'———"_) (2a+]) [ >
st g's't 8k, e ,a'
pPq p L p'g's't aa,a'a
(1.1-15)
and
( or (a' )« (), ... .
/< -
tlL'Bp st oo (387) Chast,prgistt fupa
(1.1-16)
In the above, .. 1is the reduced mass of the collision pair, and

Aé:g? and Pég)t are spnerical components of the total

e — -




polarization bases of @pqu and ?pqst , respectively.

Expressions for Lég)(aa‘) are given in Ref. 1.

The spherical components of A and B are then expanded

B(Q)lx

pgst? to obtain

over the total polarization basis,

) APAst gla)m (1.1-17)

m
= Y -
A (0 (a)m “past

<
pqgta “pqst, 1000

(the 1 factor ensuring that the auxiliary condition

—qust,lOOO
expressed in equation (I.1-10) is satisfied) and

" = § gPstglam (1.1-18)

pas ta {a)m “pgst

st

where A?g)m and B???; are expansion coefficients given by

the following matrix equations:

L(m)(aa‘)l\pqSt

+i(l- 6pqst,1000) g. pq (a')m

l A
ii_n_tl /2(5 [(5 - (_S,R_B_l / g ]
a,1-"pqst, 1001 \2Cintl “past, 1010 (1.1-19)

and

16
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(a)
. P g s t
R ORI ST
plqlsltlal i B pl ql Sl tl
. (m), . } p'q's't!
16pqst,p'q's't' qu (aa )_ B(a')m

. (2o -

h (5) 5pqst.ZOOO 6a,2 g (1.1-20)
in which Cint is the internal heat capacity per molecule. The
spherical components of A and n are then given by

x = nk (C_T'_'lti % [Al001 _ kg £ a1010; (1.1-21)
m By 3m (1)m 2c. (1)m :
. int
and
] 2000
= — nk,T B . I.1-
T o nkg (2)m (1.1-22)

The important point of Hunter's development of the transport
coefficients 15 that the tensor analysis precedes any truncation
of the basis. Solutions to (I1.1-19) and (1.1-20) require the
truncation of the basis and evaluation of the scalars,
o[g.g.:.t,)(a) . The remainder of Part I is concerned with the
evaluation of these scalars. With the ultimate qoal of obtaining

calculated values of these scalars, tney are expressed in terms of
relative momentum collision integrals in section 1.2, which in

turn are written in terms of the reduced scattering matrix of

Curtiss and co-workers7 in sections 1.3 and [.5 and simplified

by the introduction of various operators in sections [.4 and I.6.
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Finally, some interesting relations among the scalars, suqgested

by similar relations found by Chen, Moraal, and Snidera for the
collision integrals in another representation, are developed in

section [.7.




19

pagst y(a)
plqls|t|J
Homentum Collision Integrals

1.2 Expansion of the o[ in Terms of the Relative

(a)
The o ;,3,:,%,) provide a description of the collision

process in terms of initial and final rmomenta (psp's') of a single

molecule. In order to express these quantities in terms of

S(jéJBAlSaSb) , the reduced scattering matrix, it is first necessary I3
to make the transition to a description of the collision process in

terms of initial and final relative momenta (xn<'n') of the

collision pair., This is accoripltished through the introduction of

4 (k)

the quantity Ikni'n';psp's' , defined in CMS-B16 and resulting

from the transformation to center of mass and relative coordinates.

This section is concerned with obtaining expressions for the

(a)
Pgst) ) L[rgnt W{2gnt
O[p'q's't') in terms of the 5 {Q'q'n't']k and o [Q'q'n't'}k

relative momentun collision integrals.

The scalars o{g.g.z.t.](a) defined in H-40 and (1.1-15) are

re]ated]to the scalars n(pqua[p'q‘s'jé)(a) defined in H-24 and

(1.1-13):
(pqgsti(a) _ « -1, ., 1 (@) qryq(a)y ¥,
o2t Ly, ey g0 e |
(e T D e a0 otpasg, lprarsti )
(1.2-1)

in which 0(;1;(:'".) = v’ﬁh]*]f(?ﬁz"’])"’ N

i} s o2 g . . .
c.a (Eja/kBT) (fh Ja\Ja+]))/(21akBT) is the dimensionless

J




rotational energy of molecule a , and

1/2 - !/') 16 = . ¥ '] - o .
(pjajé) : (pjd) (pi;) 1(3,3,)0 ° exp( € aj.) » Q being

a “a
the molecular partition function. The quantity
1
([g](“)d‘[g](‘”)j/2 is introduced in Ref. 4.

a

Using H-27 and HS-19, the scalars u(pqua!p'q's'jé)(a) ca

n
be expressed in terms of the scalars o(pqualp'a's'jé)k , which
in turn can be expressed in terms of the cross sections,

a'(fnj dpalein'ilife'), and o"(inj dyal'n'jgiia'), -

Substitution of these expressions in (I.2-1) yrelds

- q*aﬂ)' AN _ k )] ] ]/ ¢ 1 yz(z ] ‘y:;_ Q qI k‘
(-1) : (-1)"a?(k)a{kq'q) "2Akp'p) "2 kpp") {p. o a}
' ]/2 (k) y'_;
] da
o 333
N ([J](Q)Oq[;](Q));/z ([J](Q')d]'[l]](ql))l'/'z
= = a = = Ja

x

) ('), -1
R£q (eja) R (Ljé) a ' (aq")

x

t .‘ N ] f a1 35t [ - 2. " 5 4 Pyt LN - | t
{c (enj dpale'n’jidpa’)y + (<107 o"(anj djaie'n'jij q )k} -
(1.2-2)
The quantities Q(2,2,2;) are defined in CMS-A22 and

q q' ki . s 8
{p' P a} is a 6-j symbol.
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H-63 defines a new scalar which can be written

- a2(kp(kp'p) "B T atkant) 2 1{k)

P eni'n’;psp's’
£'n' y y
3 3p avbvavb a a
isdn
( ) ( ') ~ -1 ]
x th (gja) RyY (Ljé) a ' (aq')

' 3 3 [ | a3t ' Q‘l u o 3 : LIS B I | ]
x {o (enj dpale'n'd deat)y, + (-1)7 c"(4nj jyqle'n'j i q )k} .

(1.2-3)
This can be rewritten as
pqast = .0 vy T bony (k)
a pgqlsotl]k 1 (k)gxkp p) QE Q(kLL ) IQnQ‘n‘;pSp’S'

R'n'

(2 qnt g feagnt)
x {O [2|q|n|t|}k + (‘]) a [£|q|n|tle} (1.2_4)

if two new collision integrals are defined:

g i e T




U

22
ranmtaop Y
y {l‘q'n't'Jk = j;jb (pjajbjéjé) 2
a
333
< (WP () £ @R gl % 4
2 a
x Q'](QQ')R(tQ)(Cja)Ré?.)(Ejé) g'(lnjaijIz'n'j;jéql)k (I.Z-S) :
and 1
wil qn t \ - v 1/2
Tlagnt, T 5y (pjaibiéig)
Jalb

8 (Lg](Q)CQEQJ(Q));6 ([g](ql)zﬂ'ﬂg](Q'));@
d a

‘] ’ ) (‘)- Nfans 4 (RS I I ey}
x a (qq )qu (sja)Rt9 (cj;) o"(2nj dpale'n’jiizat), . (1.2-6)

These are the desired relative momentum collision integrals. The

o[p qst )(a)

p'q's't! scalars can now be written

1 1 '
2(kq'q) 2 o(kp'p) 2 (1)K

O I CU TR KN,

ang'n'ipsp's’

« 7 akaat) B plk)
1
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expressed in terms of the reduced scattering matrix, S(j'j’'*[S.S,.),
a'b” '“a’b

23 ;
|
After lengthy substitutions, the ¢ R'q.n'tl and
\ L'q'n't' |k |
W2 qgnt . - . !
o [E'q'n't'Jk relative momentum collision integrals can be %
v
|
!

and consequently, in terms of the generalized phase shift,

[
H(jéj6A|SaSb) , of Curtiss and co-workers.7 Considerable algebraic ;
manipulation and the introduction of various operators allows the

. e gnt Wi gnt
expressions for o [R'q'n't']k and o [R'q'n't']k to be greatly

simplified. These substitutions and simplifications are carried

out in the next four sections.

|
|
|
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1.3 a'[ :'E‘)k in Terms of the Reduced Scattering Matrix

. . . L gnt :
Equation (I.2-5) is an expression for o [R'q'n't']k in

terms of the kinetic theory cross section, o'(lnjajbqll'n'j;jéq')k .

e ————— .

for nonvibrating diatomic molecules. HS-43 gives an expression
for o'(anajbqil'n'j;jéq')k in terms of the relative velocity )
cross sections, ol(inljajb;kolﬂ'n')k and
02(QnJanlLaMaLbe;LaMaLbejQ n Jan)k . Substitution of this
expression in ([.2-5) yields

Y

e e s e e e

O|[ilgl2'§‘)k = Q(qu')—l/'z iq+q. {[}ZJ' (-])k a-](k)a(\]é)(pl;\]i)) '
ab

(VP (1206 110 2 a8 e R (e ) ,
a a

a Ja

iy aq  J; , .

x { ? 3 ka}[Ol(Q.nlj;jé;k()lQ,lnl)k + (-])q+q "“"‘jéjﬁ;komln')k]:l
9"

R YRV SY iy I

'Lg\]b (‘]) o (Jb)J- (Ja)“(-]b)(pjajbj;jé) 2 f
Jadh

< (a)8r 7(a)y 14 (@')'r1(a )% ola), \pla')
(LJ1e'a] )ja (LIt ‘o' 11 )J.;2 Ry (t,J.a)Rt, (EJ;)

fa' 9 &

X Z. J‘; AR La (1(Lal,‘;)(-’l)!‘a+”b [
LaL?Lb L
Mtm o Ya Ja ta

La b “] '
My MM

x oz(nnjan|LaMaLbe;LaMéLbe}z'n'j;jg)kJ} , (1.3-1) .
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9' q k)
. . G . . 8
in which AN Jy Lat is a 9-j symbol.
Ja Ja La
The relative velocity cross sections are expressed in terms

of quantities FA(Jan,LaMaLbe,Jan) with the aid of HS-41 and

e e e e

HS-42:

1
2 /2 1
or(tnliyipskolernt), = B [ﬁ] alker') % (- (K a(w)

k 2 % \ Y:q o VS L LN S e
ol {O 00 j dy i@ ’\n;’(Y)Rnu QI(Y) ; a (A) F)\(Jan:kOOO’Jan)
(1.3-2)

and

v, V -
2 2 ' .
02205 3, [LM LM SLIEL Mg td ) = Eﬁ?} alkee) (-1 Fa(en) ;

k 2 g
. [ o ] NG ECHCREE S EMOUNS
MMy 0 MM

YR REARE B A 2
x 7 af(an)! '
Ay (00 CJlusm M- MM
* F(33pst Mt Mysddy) F (J adpsLaMibpMosd dy) (1.3-3)

In the above, g' and g are the relative velocities of the \
centers of mass of the colliding molecules before and after

callision, while y' and y are the dimensionless relative

velocities (momenta) before and after collision. The Rnl(Y) are

normalized tnree-dimensional harmonic cscillator wavefunctions

introduced in CMS-74.
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The F, quantitie ..pearing in the relative velocity cross
sections are normalizeu ich that for a spherical interaction

potential, V = V(O) ,

Fx(j;jé;LaMaLbe;jajb)spherical : S(LaMaLbe’OOOO) G(Jan'Jan)

<[ - exp(Zinx)] . (1.3-4)

ny being the spherical phase shift, Thus, the FA are a type
of reduced transition matrix. In terms of S(j;jBAISaSb) , the

. R
reduced scattering matrix,

- . ia*tibh [ <Myt .
FAELagt ML i dp) = (-1)73790 (5)7a™0 (5 5y (L L)
< (812)70 T (-i)VH

a
3 33 L) b by
vu 0 v =-vj|0 u -u

x JJ ds, ds, [1 - s(jéjgxlsasb)]otga(sa) otﬂb(sb) , (1.3-5)

iy at

L
where a] is a 3-j symbol and the Dva (S.) are elements

0 v -vj g a
of the rotation matrix."
Insertion of equation (1.3-5) in equations (1.3-2) and (I1.3-3)
leads to expressions for the relative velocity cross sections in

terms of the reduced scattering matrix:
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oy(an]dlipikoletnt), = h_ullszgr} 2 ; a2(a)
x{[n(os:g)-l/g a(2) 6(2k[2'0) J dr Lo R (VR ()] |
- tatkee) ™ (0P ()F e aggpoatesn [§ 6 2] 5
@G R (0 T [35 s fv] (872)
x ” ds_ s S(3LiIA1S,Sy) Dto(sa)]} (1.3-6)
and
o2(xni Jp LML M SLIMIL M 120 5250, = ﬁél[é‘%]llz

; {[:ﬂ(kzvi)'% (-1)* “2(“[5 0 é}

x

s{ee! )é(jajbljéjé)d(LaLéLb}OOO)&(MaM;Mb[OOO)

b4

; aZ(i) j dy E—;— R (Y) Rn-l(Y)J

1y

[?(kll')"7~ (<) (-1)38 afeet)al3)) 8(5 4, 13255)8(L M, 00)

x

S . Ao =2 [f
fay LR () Ry () 35 6 e | as, as,

x

B A 'Y (k L LI N \
[ 00" sty b ol o :
Ma 0 -Ma Ma 0 -Ma 0 v -~v

L T M o
S (3335415,5) 0.3 (5,) L‘-‘“La"a“"”(‘” o) [y o _M;} {

X

k 2 Q'T(J| J'I Ll\ . Lc N
] a d al i1t a
L SIS Sp0 . (5

i
[

'lMé 0 ~Mé

(Eauation continued on following page.)
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[atee) R 0™Y aae) [avee [ et (92 G5 R (R g ()

PR ( ) A L' k 2 2
ZUGZ(AA' ) f ] ] ] 1
AA 00 O \Mamb -Ma-Mb Ma'Ma Ma—Ma 0 Ma-Ma

(-‘i)Ma'Mé Qz(jajb)az(" )G(L L') z (_i)\’ﬁ-"\)"U'

\) ;J

X

X

a3t ][Jb 3o L) fJ Ja b }(' o 3 Ly ]
YRR R

x

0 v =V 0 v -._")l

x

-4 f . iy * .

2 (IS T () L3yt
(8+2) JJJJ dS,dS,ds dSy S(3 3pA1S,S,) S (3 dp\' 1S Sy)
La Lp L; « Lp

(S.) 0O g (S.) 073, (s) D,
vMa a ._Mb b \)Md a u'M

0

x

b(sg)*]} . (1.3-7)

At th’'s stage it is useful to consider the terms of

.[lqnt

l‘q'n't')k involving relative velocity cross sections as

they appear in equation (I1.3-1):

" 1/’;‘
alkag') 2 (¥ T 0% 3T Kali) .><[;]‘Q)e9[4]<q’)j:

| J;Se, L ]
? 7006 1@ gl ele)
ir a ,
x { a a} cl(znijéjégkﬂlz'n')k '
q' J; k

1
n2 b Y -l -1 .
. un[ n: ] JEJ-;) E 02(x){[ﬂ(0qq) éu(OlQ) “a” (q)a(2)8(2qk|2'q'0)

(Equation continued on next page.)
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10305 )1 VFI iV (e R e far T Ry (R 1)
a

a a B

i [sz(qu-)‘Vzg(ku-)"/z(i)q*q"”' (1% 2(31) a(ze )(pje0)
SR ) LR R (a)en (q) Q' pq(a)y?
. (S D @S il
000 Jlg* j; a .
< rl@) (9') . Nal |
e, R eg) o T R Ry t)
IR AFN L -2 . k
] (.1)"10‘3 N NG [Jasads, stgignis,spnggts)]} - |
(1.3-8)

8,9 |9a 9 Jal _, ..q -1,
ql Jé 0 (']) Q (Jaq
summations appearing in the first term above can be carried out:

since ) 8{q|q') . The j! and jé

a
4

e B SR I L G B

L3 I | J
J.J avb a &
a’b (1.3-9)

allowing the right side oi equation (1.3-8) to be written as

) hi I8k T) 2 U")()‘ {[Q(OQQ)-1/:)‘.2(0.(2,51)—1/2 G(Q,q) ('(thki94|qlt'0)
J & %5 Rpo (1) Rpoy ()] ;

- T Tatkaa )T ake)TE (YR Cda 6i(5)) alas)
3adb

(Equation continued on following page.)
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ke Vit a3 Y "y g Y
. (p-.-.)‘ \{ : a} P et )

Jalb {0 00 jlq' iy K a a

X R£Q)(cj;)R£?.)(C-.) [ dy Rag (v Ryvg ()

i 'k
x § (-i)Y [oa Ta } (anZ)'zf
\Y -\

v

L —

JELEE k
dSadSb S(JanA]SdSb)DvO(Sa)]} .
(I.3-

[.3-10)

The above expression involves a constant term and a term linear
in the reduced scattering matrix, a result of the fact that the
gy cross section is linear in the transtion matrix.5

Tne u, cross section, on the other hand, is bilinear in the
transition matrix,5 and consequently, this term is somewhat more

difficult to evaluate:

- - ! - . : : !
iJ a'b-a’b
a’h
Jan
(@) (@2 r1(a) e’ e 1(a )2 o(a) (q)
(VN ('S ') RV e R (e |
% J Ja Ja
a
Q' q k - *
LytMp[ta Ly K '
Lty Gl og, L M, ML MM
. [}
MMM ‘
x 0a(Anj Jp LM L MLIML M 2005150,

(Equation continued on following page.)
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AT (9 1 o Gypdetigaliy)
JJb
ISR
¥,
Yo et (a)
< (05 5,55, (' Ve > i, (' (g1 i

« r{D (e, )R(g')(cj.) {[g(kzz)‘y& -0* a7 (2) A [g é S]
a

e Klonk . , v2

. io O OJ 6(3,3p14535) § a?(2) J dy R (VIR ()]

x

o e D
e
o

atkag') ™ (- a(ie) (132 al5!) 6(d,d,1354)

[ o DRy R0 T wian [ 6 ) (82 fas, s,

a9 k L. o &
. Myt
) {jg i, u2(La)[ ° ] (-1)°
LM 00 My 0 -Mj

x

S A S L AR N A M }
, 3! a aJ S(iLIgMS sb)D\)M (s,)
=1 & - -
M, 0 4aJ[na 0 -Mjlo v
! 1
(? ) ) L0 by k) -Ma-v ?
LT a3y 0 gt (L)(1) 8 -1)
L @ @ 0 -M M
M i 9 a 2 '
O Y (S AR A A ¥
“ . .)' . .}[ R I S8 AL )DvM'(S )y
M0 MM 0 M0 v -y
(Equation continued on following page.)
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O 1 Y ‘\)\l 2.‘}
. [sz(ku')'/2 (-1) aev) 3 7 q2(.u')'t |
Lbit, 00 0 |
MaMafb
A A R S T X
x t
“‘ l_' _' Il-_
Ha+Mb -Ma-db Ha M Ma Ha 0 da Ha |
g q ki, '
- M-M' ~ - . - nl L'+Mb . . IIL L k \1
x (-i) @ al(G 3 )a(L, )AL L)1)y g Lt e |
a’b b aa a a bty g MM |
g WM MMMy
iy, LaJ aa'aa
. . N (e < I < . ‘g o N
y z (_i)v+u-u'-u‘ Ja Ja Laiin Jp Lb]'*]a Ja La 3 Jp Lb i
Vi 0 v -v ILO wo-uf 0 V! -\)'JI_O TRRTLY
\)lul

gg' ni n'a

< oy [agrig2 Bl R (R (v ) (@e2) [[]] 45,385,850,
L

S st 2 ’SS * 212 ' ] I La Lb a. ls|*Lb S'* !
© SUINS SIS (A 1SS0 (5,000 (500 3. (505 (5[}
| a b a b 1
, -

(I.3-11)

|
In the above expression,

| kzz]q q k]00k] . - :
iy 33 0 = (-1)7 2 (29)a 7(§,) i(gkiq'0) ,

3 ooof 3 ¢ ,llooo) ,
| Ja Ja (1.3-12) '
allowing the ja’ jb, jé, and jé sums to be carried out in the
first term in brackets. The A' sum can be evaluated in the two
terms in the second set of brackets,8’9 yielding d(Ma]O) and ‘4

L
NYATIN .
C(l‘aiO) . i
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(" q & ) L
0
: My - 1,
1Jé ) LaJ[Ha 0 -M ] (0t e ) |
Uy J 07 a a { _ (1.3-13a) i
Jvoa g .
x (L 1K) j d a
q' Jy Kk
and 1 :
{q' a k \
0 L' k
Lo ML 2,y -,
)Jg Ja OUO Ma ol -0 Ma ot )
S N L i
iy Ll a . | (1.3-13b)
i, a3
< 8(L: (k) J a a; ,
la iy kK

allowing the evaluation of the ja’ jb, L., M

1 MI
a La, and g Sums

a)
in the terms in the second set of brackets. The right side of

equation (1.3-11) then becores

; N ) -1 2
b H[EEHT} i{ uZ(A)iQ(qu) B oo(oai)” # a(eq) &(5qtk|2'q't'0)
B L

. - { ' "17
LR G R G) - T k)T ey

e g (DTS
T ) et ey, ) H § a}
a'b {000 J{q" J! k

! 1 ' ' ) \ '
VA R N LRl RS

)
3, : O R e

(Equation continued on following page.)
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a Ja K

Jdv 1—k L) R () (-i)Y {
v

(8n2 fde ds
9 b 1 L

x [s(i;jgxls 5,0055(5,) + (- s (55 s s )Dﬁo(sa)')]

J

s l;(qu')"é a(kaet)” 2 ()31 2 ()8 (a0

PUDLENART BEDY X' L
x z V‘ IZ‘ L“()-A‘)
. 3 1} - l_ \l_
3 dp LaLalb A 00 0 J{M M -Mi-M o MM
Jan Ma”a“b

ke 22 MM G a) (Ll
x -i as(J Ja) aldpif)
H-M' 0 M'-M a“a b’b aab
da a a 4da

1 y
] y (@ 110y (rqrla' Ve rgalat)y
P byin) (1 e )Ja (e 5

. e 1909 Kl o«

2 a idy e e e

x

jdyyz J "(g')2 5995 Rp 1) Rovge(y') (8x2)™" H”dsadsbd%ds;)

* Lf)
a W
S(3,3pMS,5, s (3! WIpr1S;SE v” (s,)0 “” (S,)0, M.(s ,DJ.M (S )N

(1.3-14)




X

- a(kea') "7 agkee) T (-1)d

X

x

% L;,Jw‘b 3 Ly
L ' '

x

x

35

Considering these results,

(
ofbgmt), = Sl e

1 21
2(0q9)” % ©(022)" 7 a(2q)

Ryt Q(Y{]

afes') ) Zl D)
J Jb LaLa b AA vYE
aMaMb

l

L.t g l_
s(eqtkle'q*t'0) J dy 9 Rnl

-q'HL+L!

j! Jb M

MMy, vty - l-a*""'b iy .,
l(-1) (-1) (-1) 2(3,35)a(3,3p) (p; JbJ'Jé)

p o

A l/L
a

i (£2109)e 130
a

PP [ A A g S A
(LaLaLb) (AX')[ ‘
00 0 J(M M -Mi-M_ M-M_J{M_-rt M

| oz | dgtfarys SLE) '
S ] [ er | a9 SEL R (1R (00

2 -4 ' 1 Y] TR g
(8n2) ds_ds, ds’ds, S(JanX]SaSb) S (JanA ]SaSb)

Ly Ly La * Lb
Out (Sa) Oy (5¢) 0 ?M.(s )0y, (5t )_] (1.3-15)
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Before proceeding to the reduction of this collision

integral, it is useful to integrate over the energy delta functicn

appearing in the term quadratic in S . VWhen this is done,

.. .. ! 2 8(E
a2(3 e ligdgd) Py ¢ o) ( dyy? [ d9'(9") =37 @ (IR 2u (v*)
A R P IO R P ) R FALEL L
|"‘ - '/1
. " Plasl)T(nt+1) 2
= 3 'Yyl \ A < > -
a?(jy)aldy)a \Jb)(pJLJh T T T T

x[d*{[yz + (€., Y €.y - €. - £, )]U‘ y' )
SRS NSRS IR

€.y = S, = = )L2:+1/2(‘12) . (I.3-16)

.Y
L qan t} hem 2 “: 2 a - -1
o lhant) 7 af(\) 2(0qq)” 2 0(022)" 2 u(zq)
2'qg'n't K 4ukBT [Lﬁ
x [} ¥ ) - N Il - —I
S(2qtk|2'a't'0) | dyy in({)hnul({)g
-1 -1 -q' it -
- 25{kqq’) A (k') 2 (-1)%°9 ™ a(2") L L Z '
Jan LaLaLb X

s i ' v'u!
Jan MaMaMb

M -M -v'-p' LM
x [(-i) e T ) g a2 (5 als))

(Equation continued on follcying page.)
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' 1 ' 1 1
e (IS (e (') £
Jady Ja a

|

At Y[ A g |

x of(L.L'L,) a2{Ar') |
aab M '

00 0 (M M -MI-My MI-M |

a

1 ' tl j
M =M M'-M
a M MaMa) a

x

[k & ] @' q k {L L'k
. L qd
|

- 0 -

a

\r Y
b bl r(nt))r(n'+1) |

x

X

(Bﬂz)‘4ffjjdsadsbd35d56 S(53M15,8) S (3350 15353)

a e J 1,’
et e Y er‘l‘*/‘-(Yz)

x

la‘ b ] * (Q)
D vy (S D5 S R .
SCONLRCINL %JfMY

x[y2+gl+g.,-g,—-a. . . .
Ja Ip Ja I Ja b Ja Ip

an expression that provides a convenient starting point for the i

general reduction to be accomplished in the next section.
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[.4 Reduction of the J'}f.g

T

38

Jk Collision Integrals

In this section, equation {I1.3-17) is reduced *o a summation

over eight indices and an inteqgration over six angies, in contrast

to its present form requiring a sixteen-fold summation and

twelve-fold angle integration. The reduction is rnade possible

by the introduction of certain operators, as well as the explicit

sumnnation over several indices.

In Reference 10, it i5 shown that

S TR S SR 1 .
TR PRGN NEE RIS
a va v 0 v -y a as
TN R N B
T -yl e Taly wo(S.) s (1.4-1a)
v o v -y Y
J(a)* . . .
K being defined in that same reference. Repeated
application of the operator [- 51 £~T-K(a)*] » Lo both
"a'B
sides of ([.4-1a) yields
[E - :lm ')“ (»])/i"ja ]Lll Ld DLd (S ) _ [ __-_]_‘_v K(d) ]m
3 Iy ; 0 o ] M. Ta ?Ia«BT
A R SO U R
ST ey e DV; (s,) » (1.4-1b)

\) [\) v -\

m = integer,

and as a consequence,

!
1
i
Q

- ———— e -
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1 N B PR T L L
(6. +e .-t _,j ]m Z ( ‘)V*g a a a) b ¥b b Dv; (Sa)Dua (s
Ja Jb Jda b wi 0 v -vj{0 u = a b
_ - ' s '
_.L[h(_a_)‘i + }\(tj.)___\ " > ( .'>J’> | d ]a Ld\ {Jb Jb Lb
" kT 20 5T 7 '
B a b i LO v -v) (0 1 -
L L
x Dva (Sa) D“a (Sb) s m = integer . (1.4-1c¢c)
" b

Remenbering that Réq)(;j Y s a Mang Chang-Uhleubeck polynomial,

7 a
it is possible to write
(3, 3¢ L)y
R(Q)(k ) } (=i a ° alD'a.. (Sa)
Ja v tO voo-ul T
(1.4-2a)
* AJRRES S W
= REQ){{I + 9'1"1},——15 }\(d) ‘; ) (—1) /i{ d d aiD‘; (Sa)
Ja aB 0 v -y Ta
) ) s /2
Moreover, since [v7+ ., +c ., - . - . ] and
Jaody 9 3
e+, a . .
L Sy, b, -, -0 Y can be expanded in power series
n ] J J J
a b a b
involving inteaer powers of (.., L. ),

Jd Jb Ja Jb

e m—————— e
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~ z/z *;*17'1 ' i V"';J
e FE e T L oy He b€y T8 -3
{(Y £337507%0, Jb] oy 375, }b)} %u (~1)
i3 L) dp byl oot
I I b b b D,; (Sa) DFS (Sb)
0 v -vjlo wowoTe o
1 5212 1Lt Y
= 2 _ 8 _ }
B B u
(I.4~2b)

ioo vy 3 L L L
< a a a b b b\ Dvg (Sa) 0O % (Sb) .
0 -u} a H

w2 2r ) + (0)21) L Finally,

*
in which K =

R(q)(e. M y2+e  de ey “€; ]i/Z Li+yz(y2+5.,+g.,-a. -2 )
t €, LTRRS NS g 1§ n TARS RS R Y

; .
xi(—n““\a : |
wu g v -V

ioogn ot jp b L
- _gyvtpiTa a a b b b a b
Cpl2ant) L (-9) | o (52) O Gyl o
il g0 v -~vjl0 uw o b
(1.4-2¢)
where the operater is defined as
e/2
- 1 Aa) . 1 *
T e LA A
ab t 3 ZlakBT kB
(1.4—2d)
w0
Ln ( kBT K%

e g e —— o

ionatitpiatmisininisi
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* ' A
Making use of the fact that K(d) and AT gpe

hermitian,]0

2% IR TS
J! dS dS S(3! Jb\[§ S f dy v e ! Lnl () ‘ab(

* La _
x JJ dSadSb [Ca want) S(j JbAlS S DvMa(Sa) DrM (sb) .

This allows equation (1.3-17) to be written

f¢ 2 3/? t
“"k O {[F (3} 2(04q)” " (0: )7 w(vq)

L'g'n't) 4}1'\87 A

< G{sgqtk;2'g't'0) J dy,y RnQ(Y)Rn'?(Y)]

- 20(kag') ™ atkee )™V yaTa R 0 D) D)

Jan LaLaLb AA! VYE
Jdp MMMy

—

M, -1, oty LA+M , - .
. L(-w T (TR G3(5,) w () ald)

(Equation continued on following page)
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1/’,‘ ' ' 1 l/7
<y (I YA e N e e

a‘b a

q k

\
A2 A 3! Lt k 2 AR
) ! 1 (] ] ) J jé ja L
0 0 9O Ha+Ab —Ma-Mb Ma-Ha Ma-Ma 0 Ha-Ha ) . ]

o Y s bl
i i t |l
! i1

Ma ~Ma Ma—Md

g e -

IRy SN 3

Y ,
(| _2(ntl) T(n'+1) Car) d [ gt et U b e(at)
E‘(n+9+372)r(nl+pl+3/2ﬂ (31‘ ) I dl{ e ! “nl 2({ )Rtl (hjl)

( * C b TR |
XJJJJ dsadsdeddsD [cab(kqnt) 5(Ja3bxlsasb)]

* La Lp La * Ly *1]
x$ (3L3PAt]SISE) DG (S.) D (S,.) D2 (S') Do, {St) L.
a'b a’b Ma a "“b b’ “v Ma a i Mb b JJ
(1.4-4)
Now, the jb Su can pe evaluated,s”9
A PR PO R & RO R P
T > P PP T b e (1.4-5)
Jp o w0 w -

and the 9-j symbol expanded,8
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(M1 - '“'Jlo whoomwp !

La qQ
: x.
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1

{f: ~< (M )(0aq)” Asxoap)'yf (0q)

{

oy aeqtesr g i) e
20(kqa’ ) ulkeet) (-1 e )L'\n:.4T:)F(n‘+;'+74}i
- . 1'1 "Ml LAY}
« (37) Y ST
Jadadb LbMo1aHa L
X EEEALN
\X \)U\) Ulu“2u
< HiatIatiy iy U Y4 M
oy Hatlar B G e (@A
a“b
|) 1 ] l/ﬁ
I 2l st
d
&x N AR N AN A’ N }( k g l‘ja ' Ja‘\
Q0 N 1lMa+Mb MMy MM J MMy 0 M J 0 o ‘
i Q' J, jéliia i, }[ SRR B ]{ a9 k ]
sup V! Uz)(a TPLETERN | PRGN TPAS | UV He M)
oot -y? e o (gt) f "y
f dy v e L POy Ry (Ei;) J ds ds, S} dSy
P Ib Lp o *
[C pleant) S(3 3pMS, Sy, )1 S (G2 15,5510 M, (S,) OuMb St

(Equation continued on following page.)
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Using Ref. 8, the sums over La and Lé can be carried out,

za2(La)[K ! La] o ’ } D\L)a (s.)
a U]' -UQ' -~V M UQH 'Ma-uﬂu

L a

VM, K

& D
PR U].,Ma+UQ"

= (-1)

and

O L L L. .
I D af(l), ) ° Dt (S5)
) _“l“ ’Mé Ma+Ug“ a

= (_])q.‘*": < q'

‘V"U]'UQ HM;»

(s') D

D .
Ma—u}”*HR" -up,pttTa ug,—Ma—u;”

(S

1
a

(1.4-8b)

followed by the sums over v, v', and Mé . After relabelling

indices,

)

&‘A o —
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’

1

~ BEe)
N L 2 L I L D CARa D
- 2a(kqq') 7= w(kze')" = (i) a2 )!ﬂn+z+@1‘(n'+z'+ﬁ';
(et T et 5 Y )
! _i. [ WA Y A% Y \Ab"i (]a)i‘Ja,(pilj))
330y & “47b
ava’b
Ad Lb\
yL [ } [] y
VAN S e
a a
Z (_1‘\“1'“1"u2+p2.+113"'ugu (-]"jafjéﬁiﬂ;zﬂll‘ﬂ“u
Bup 11y '
ulluzlullluzllllall
{A A z'}(x z* 2! }(1 k g )
x !
0 0 0 ji-u ur,'-ug” w10 witenst ugteen
1 s - it { | ] s
. N M R S iy tla I

x

k 9 q' -y 1ol '
[ " it M J Jf dYY2+] e v er{a+ Z(Yz) Rg? )(E-n)
H3 -z Up "

S
UI'U; q =l.oUn a

(Equation continued on following page.)
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« DD (s.) | astas: s™ (5 50n 15 s) of (s
Sy=ptiy"-u."""b ) a b " a“b a’b byt Ta
« pd’ (s) p-P (C=)f} (1.4-9)
'U1|'L1]" a 'wv'U+U]""H}‘“ Jb . .
At this point it is convenient to introduce a compact
notation for the ja summation:
j (@) ety y7(a)y 2
Hazdpue') = TG (G ULTYENY;
J a
a
(1.4-10a)
. . . -1 4 ; L -« \
. !Ja a { NN Ja}! <3y Ja; ‘
0wy =wpjlm mmuy Sl miet 0

as well as two operators defined on the SaSb and Sé angle spaces,

respectively, by the following eigenvalue relations:

La Lp SR
Y VI { : - iy
ldb(AA VM =R)D 'Sa)DuM (Sb) S (-1)
a b
]A V! ¢ ] L L
’ 1 - % lla ( a’ Dxa (Sb)
h—lM} "fn ‘.‘“-3'4';?-Ma Ha—:' i a a * b
f A '
My+My - L L
(-1) 2 0.3 (s,) Dua (s,) (1.4-10b)
(M "My Mope M- a b
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-1, (@)
. , Lé ' Ja—h 1[_,3
Eal(q Ja'“l)Dv'Mé(Sa) - (-1)
x q Ja Ja z oka (s
U1' h—IL(a )_“11 _h—lL(a )J v Mé d
J|_V|[ql JI Jy] L
= (-1)° R N RTS8 (1.4-10c}
“11 \)I_pll ! a
where M; and Lga ) are both defined in Ref. 10. Now
L q . Lb
A ! '; " )" 1" 1 I " "
E (AN R 505" -1, )[uul_ul (549020, (ba)Db,-u+u1 " (s,)]
8 A A v K q
= -] D " S_)D n S
( ) -u u+U“""U3" u3n_u2n [ H1-H ( a) —dob, ( a)
Lb
X DB,'H+U1|.";J;‘I‘(Sb)] - (1.4']])

If the 3-j symbols on the RHS of equations (I.4-1Cb) and (1.4-10c)
are expanded,a’9 they, along with the phases, become polynomials
in (Ma+Mb) and v', respectively. Similarly, the operators Eab
and E,, can be expanded as polynomials in M; and Lgal) It
should be noted that K and M; commute, while K and Lga')
do not. Thus K commutes with Eab(XA'Q';u3"-u2") but not with

Ean(q'jé;l-ll') .

s b
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Once the value of q has been specified, the I(quz;KjAUIU2') |
sums can be evaluated using recursion relations among the 3-j 1
coefficients. Values for I(quz;ﬁjéuluz') are given in i
Appendix 1.A for q=0,1, and 2. These are sufficient to evaluate E

transport properties in an applied field.]

YRy

Introducing the above and making use of the fact that M,
and Lga ) , and consequently Eab(xx'z';ua"-uQ") and

Ea.(Q'Jé;ul') , are hermitian,lo it is possible to write

¥z

0.Slqnt] . h2n %2
L'q'n't' K 4ukBT

[Z a2(1)2(09q)” 20(022)” 72 a(2q) 1

6aqtk'a't'0) [ dr v R c(v) Ry.y(v)] ¥

vz

-V, -Y5, .40-q" 240" "(n+1) T(n'+1 ? 1
1YyT /e vy 725489 n n
) 7en(kee ) 72(4) a2’ [—(HHH AT+ +%

1
ny
e

~
fi

L

0

L )2 () 133 (g5 )01V 29D 1
a a l

. - l_' +',,I'|+ "_ " J';+j |+ |+ "
x ) (- )H1THL TH2THZ  THg T e gy TH2 T T
Brynn
Lll’u:)lUI.'u?llpjl’

Lot k f '
B o) Al o ]

00 O Jlo T T T O 1 (U Rl VP R TP TR

o ad

(Equaticn continued on following page.) |
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. ""r
x I(QU23KJ;U1“2I)R§? ")

* ¥ . - K
x {JJ dsadsb[Eab(Ax'n';nq"-u,")cab(aqnt)s(jégéA;5asb)]o (Sa)

ul“]l“
L
q b -
x 'UZU?"(Sa) DB";I‘Jb)J
. ' ' * P,y q' N P
x {JI dS;dSpLE . (Q'd 5 )D_hi._VBH(Sd)b (Bydphtisysy)]
L \{
< 0 pte syt 1.4-17)
X Duzlulu(sa) DB.‘H(bb) k]! . _..4 lh,
J

In order to proceed beyond the above expression, it 1s useful

to introduce another operator, la.(quz) , defined by the relation

T:T(quz) f(S;) = (8n2)-] ) o~ (5-)* (i)N1+U2'

K“l -UIUI" @
A (1.4-13a)
X I(QUD;KjéUIhZ') I dS; DEWlU[“(S;) f(S;) ’

where f(Sé) is an arbitrary function in the S; angle space.

As a consequence of (1.4-13a),

4

: ul+U2' Y o ' [} K '
E () (a5 duin') J ds ! f(SG)DUQ'UIH(Sa)
2

= J ds' o~ "(sé)lzf(quz) f(s)) = [ ds; f(Sé)Ia.(qUz)Dleul"(Sa).

d -

(1.4-13b)

- g ————— s

i
|
t
I




51

taking the adjoint of IZT(quZ) . The above expression can be
used to determine Ia.(quz) for a given I(quy;ﬁjéu,ua) . The
Ia.(quz) corresponding to the q = 0,1, and 2 values of
I(quz;zj;u]ug') are also given in Appendix I.A.

The Ia.(qu2) operators isolate all the explicit dependence

on the indices ~ and ., appearing in the I(quz;Kj;ulpz')

K
in the rotation matrix elements, D . "(Sé) , instead.
LR

Equation (1.4-12) can now be written as ;

>33

Y,
(2 2,72 -1 -
o fedmt), T BT (I w0 at000) 2e0m) atsa)

x 6(»qtk{%'q"t'0) [ dy v R, (v) Roup(¥)] ;

%
_]') ‘]; . - ! ‘, ! ] ¥ !
- 20(kaq*)” a(kee’ ) A (1) (g {Trﬁi{ﬂ L 1
2..)
— 1
-4 . "y ' ) t N ] [] /f:
> (8”2) L “((A»\ )X(Ja)(p‘]l‘]n)([g](q )(:ﬂ [_J](q ))n
Jtip b a“b Ja
a'b
ax!

. v '+ . w_ A A'.. ! £ k 2!
[, (-ip ittt
0 0 0 0 l‘f‘-.|'u3'l 1‘(3"'U2“

q ' 2 g4l
* | Rg(-’ )(cj.) J dy Y 7Y Lﬁ~+/2(Y2)
a

(Equation continued on following page.)
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* * .\
x IJJJ dSaddeSédSB[Eab(XA'L';ug“-u:")Cab(tqnt)S(jéJbAISaSb)]

q S IT* * L. L] Dql S')'*(""""S'S')
x D_u2u2||(~a)[ al(QUZ)Eal(q Ja1U1 ) -“1'—“3"( a S Jan 1937 ]

——————— e — e

x ey (o1 e K .
P S I R CALARICY)

L *
x[Lz W (L)0°_ (5000 (s}) ]] . (1.4-14)

LS’-‘#‘

The summations over «<, u;, and u;" yield (ﬂc7)£(sa-Sé) ,
while those over Lb’ B, and u yield (8"2)6(Sb'36) . It is now
possible to do the integrations over the six primed angles.
After a convenient relabelling of indices,

2 ¥

2 gqgnt - n’e » Yoy
g [l'q,n't')k - 4UkBT /{ (33 (X)Q(qu) gL(OMQ:) (x(?.Q)

b=

< (2atk[2'a't10) [ av ¥ Ry, (v) Ry ()]

_1_"_1 __"94! r ' ;/2
- 20(kqq') Ra(kigt) ™R (7)979 m(u)[ﬁgﬂ—ﬁﬂ%]

' t in! 1/
@) T el ey ) (0 I ') ,
| 33dp a’b a X
8 AN
| ) (i)ammwe'[* \ "'H” koo N kK Q q']
a8 0 0 00 8+ -B-i')(-8-8' B 8
a'B’ )

!
e
!
|

(Equation continued on following page.)
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e t 3]

N (Q') . el -yt s * i
Ry (Ljé) dy y e DL M) f]dS dS) S (G dEA 1S, Sy)

X Q' : IR _and S * ) B oL *
DQ'S'(ba)[Ea(q ‘]aa 8} )Ia(q (‘)U(x‘f,(sa)tdb(“)\ ) B)Cab(gqnt)

« S(jéjg\lsasb)j]J (1.4-15)

Further simplification of the above expression is difficult

without restriction of one or more of the indices,

b ad
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WL gnt) - ‘ T .
: 1.5 o ”'q'n't'lk in Terms of the Reduced Scattering Matrix |
1 . . . Gl gt . ’:
3 Equation (1.2-6) is an expression for o ', o 0 in i
i friy itk
{ terms of the kinetic theory cross section, u”(1nja\bqla'n‘j6jéq')k s
for nonvibrating diatomic molecules. HS-44 is an axpression for %
.
u"(lnj\jbqii'n'jﬁj;q‘bk in terms of tho relative velocity cross !
3 . 2 [ . I’.,I [ 3 ’
sections, . "1, Jdpiaa 0" )i and K
l| L I Y . 5 Ta , . ) .
(g Jb, 1Ma b b’L M Lbe\ ntiash o which taen are ]
q
expressed in terms of quantities, F_, using HS-41 and H5-32: ;}
h" Le 1 ,
Vi - B T Y I Sy R , X
op(enli dysaq’tint), = “ﬁ*{"k'iai k) ) (00K :
[k A e |
3
X dl — R (\(Y‘ ' lnl(Y)
0 o0 of) N 1
. ){q Q' H’
x )t (A FoOdpsa kgt Mosd oo (1.5-1)
;‘M rq» _M OJ A ab a a AL }
a a a
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1
ap(enj i fL ML i Vi) heal - (kT
2V apita b M b''b bl 7k pooLRL ‘
AL )i ( ¢ vy (E) 2] il “
DT e [ [aatg S GRG0
3 R A 3! ! :
) x’(\\')‘ b i
3! 'r 4 - l_ll i I_" _IA
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(tontinued on following pooo
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k 9 g

) FA(ija;LaMaLbe;Jajb)

Ma+Mb—Mé-Mg 0 M5+Mb—Ma-Mb

*
x Fx-(JbJa;LaMaLbe;Jan) , (1.5-2)

yielding
1
T LD W i g £ Y alkaa') 2 .
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iy (-g)7 99 (e i
R ERN TS IC L LR I [ 01 55 Rog1) Ryp )

qQ 46 Kk . .
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M. -M 0

.\Ha a a

I L SR , .
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R A T R SR WA P S ) (a" k q
y az()x.)j b b a\J a a}{ b b }i
lor il g, sJim o mfet o
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(Equation continued on following page.)
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The F\ quantities are expressed in teris of the i .oed
scattering matrix using (1.3-5). This allows (.5 - 7 to te

rewritten upon explicit evaluation of certain st

o"(anj Jpale'ntipisat)y = ﬁ;iéf;f’ Cauike )T gy T e
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(Equation continued on following pae )
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Q
The sum over \' givesg" S(M M 10Y = S(MdI—Mb) , which Causes

the terms in (1.5-4) that are linear in S to vanisn. Inoorticn

of the remaining worms o7 {1.5-1) in 71.2-6) yinlds 3 usefy’ rirst
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expression for

scattering matrix:
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As in (1.3-16), the integration over the energy delta-function

and j,

can be dore. Switching the indices, j; By v

y, [
sufkant . b J‘r ¥ OOy Yooy 7
£'q'n't' jk dukgT AU AL e{ s
LQanA a-b
' ) (0 A0} { \
X S(Qqq k[u 000) Rr“ )('rtj;)F-;E,/\ .1;“,\) J dyy Kr..‘ . |
- 20(kaq")” 7 c(kaer) T T
S VA A ISR G IO RTR I IE: )'r’](‘]"'w"[ \‘”“/z
L a b Ja"‘sfjg R
Jan 47D o
Jadp
. ANV NETNRTIeY
(O @y TRl oyttt e
- Jb t ))
CMAHME MM LptLp ‘
x JCS D O D R PR SYRD CI (WY
LaLbMaMb ;XP
LaLbMaMb
N L TS S
x o2 (L)) .
ab 1q| Jl Lv;}jv : 5 “ v M MU I
b b/ Ma Ja dar iy "t p
q' k q 17 q U R
X {‘ 4 d}i :
My-Mp  MIRME-M M p o e el 6
{ A .\' )t !’ k : L ‘l
x by }
B MM OMURM M MM e MM g M |
(MM P ME MR R e |

(Equation continnge !

on tollowing poae. )




61
3 ] ] s ) I o ‘/i'
e S NP B SN e eny
0 v -0 ! ‘\'H‘(m'}yh(”‘*‘ 20
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x (8n?) dy v e 'L, ) s an A0ds
6] le"( } S )
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Ja I Ja “t 8 Ty Iy Ja
. : }
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(1.5-6)

(
n"'- Q nt

Further simplification of ¢ [f'q'n’t‘;v require. the

introduc-ion of operators analogous tc those irtroduced in

. . . , qn t . ..
section 1.4. This reducticn of the "‘fi‘f 5'1 . collision
\v o P

integrals is accomplished in the next sectien.
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1.6 Reduction of the “fj.g.g.;.'k Collision Tntegrals 5
| In this section, equation (!.. -+ . :, reduced from a surmation i
| over nineteen indices and an Intesra o Gaer lweive angles to an t
I
‘ I
eight-fold sumation and a six-fol:! _.ale iatecration. The ;
o s ;
‘ reduction clnsely parallels that cf f_&,?;;‘fL in section 1.4, j
and therefore will be discussed in . st Je s Jdetar]l than that |
2 gnt)
Of a {l»qlnltajk .
It is shown in secticn 1.4 th.-
d ds'ds? itity e ¢ T [ Y Lé i\* LtlJ ' * »:
j Sadsb 5ad‘b S(Jajh\lba“b) o gty UJ'M$(Sa’ Du'MB(Sb) Z
R e e |
Ja Ja “b ]ﬁ '
L, 5 L
L, Ay2 +ey, te.. -, - .
a b ‘a b E
ST M SO N R L L i
gt .
« T (-i)V TR e e L0 (s, 0 (s,)
v 0 v -vi(N b 1
- dS dS dSud t J A [ S \ -k( r:ma'r:gl\D“é S' * LB < *
i j a95p 95395, SLigdpAin,5y) A ety J'Mé('d) Du’HB(bb)
v+u‘1d 'a La Jé lb\ La Lp !
x o (ant) ¥ (=)0 | Dy (500 4 (S,) 1
h | \/M a £ b .
Vil (0 ) i i b
(I.6-1a)
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1'+1 - ' \ V* I of Vs
18 etz [[[] as asyasiasglen ant) SULEMS,S,))
1 (‘l(l 'L‘:I) 2 * Ll') ] *
(s )DB’ o M Sp) S NE] alp 150000, R (s)) DB.,_v.~,,,é(Sb) -

(1.6-4)

At this point it is again convenient to introduce the
Eab(AA g£'v-v')  and Eb,(q Ji3e-5 ) aperators of section 1.4.
Now, the L. and Lé summations can be carried out as in (1.4-8a)
and (1.4-8b). Making use of the fact that these operators are

hermitian and relabelling indices allows (1.6-4) to be written

2.
Jragnt) _ 2 { ) 5 -l
. "l vainttr ] ° a?(3)(p. o )0(082) 2 o)
'qn't' ) 4ukBT (E i NI

x §(%qq' kl& OOO)R(O)(v u) .(t(l))(‘Jl-)) J( dyy RHQ(Y) Rn'Q‘(Yi}

T(n'+]

2a(kqq’ )" 2 a(keer) 2 ()89 ey r(ns1

x

l/'
(87T ad(3,) ali) (o, 0 e ggtady
RNRINT a b J B J

a h a
JaLé Lb .
' ’ [ /- P4y

(0210 1109y T R Ly w2

'z = Jb ab
' ‘ ' oAt 2t e k

: « z (_i)a-u 22VR AVRIERVERV) (_])E*Mb { [
aa'BMéMb 0 0 0 {0 viv' -

Vu\)'u'
) (Equation continued on following page.)
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. [k a q'J[ja Ia L {Ja q Ja]{Lé )a ’,} N
. [-'\J—\J' s [0 < -;‘]“0 ! --.:sz - o * R
x I dy Y£+] e-y2 Lz:+bﬁ(Yp) J{ dSadSb(C;b(X¥‘~’% ~'>C;h(‘84:
x S(j;jgkisasb)]Dtﬁé(sa)n?uv(sd)Dtﬂb(sb)
x f[ ds3dsy [E), (q*30su' )8 (333000 15350)]
x DiéMé(S;)* D%E_Mb(sg) Dg:v.(se{}} : (1.6-5]

Next, the sum over ja is treated:

1
I aa(ja><c41(q’@q[.gl(‘*)>f
J

{Ja iy LA \[Ja NN
a a

?5 N
0 u -ujl-r n-

!

jl+Ll
= DT ety dheeat) (1.6-6)

making the introduction of the Ia‘(q”) operators ar section .4

possible. This allows the sums over L;, 1

ty Lb. Mb‘ dnd B

to be evaluated:

SN T

R [ 53
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. L
e ) (-1EM o ;.(sa)oaﬁb(sb)o ()" 08 1 (5)

da 4d
LM 8
- (L1025, )03 s1)*] Pt 0 (s 0 (51"
- L'%" o a’"aM''Ta’ "aM'*Ta LM 3 b ;Mb b M \Db’ |
a (t a a b b’ ]
- (817)? 8(5,-51) 8(5,-5;) - CEe7)

The integrations cver the angles Sé and Sg can now be performed,

yielding

N ,
wf2gnt - h-n ™ I 2 v Co
o [ tAatnt g Y SN TR Z ‘(A)(p,..,) ‘.L(U\,v) ok

£¢'q'n't ) 4k, T L&y B Ve

k B UanA a“b
g 0 0 §
« 5(saq'k ] 000)R{") (¢ .)R‘ )‘“jg) [ dvr Ry L ),

1
l A A A 1) ] ) !
20(kaq' )" a(kea )T (1) TR gy [:mfy%ﬁlﬂﬁTl

2 g i 2 ¢ bt mu-y!
x (8r7)7% T (G pi) ofGAt) (-q)tutmv
jégg b Jalb vu%'p' ]
AN
AoatoeY ek . k a q'] y.
g [ | ][ (10 ()9
0 0 0 J[0 vtv' =v=v'J{-v-v' v V' b

R+,
Lye 2047)

(Equation continued on following page.)
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Uy oal g

* * * . R
x [IZ (au)E (q'Jfsu")S (jéjéx'lsasb)i} ; (1.6-8)

inal relabelling of indices produces an exrression for

Af
w[tan ofrant)
o [ t'q'n't’ }k that is closely analogous to that of o ( 'q‘n't'Jk :

'J'\ a

f, qnt f2 3é r 1/
TN Rad T - ___7_1'__ « 27, (02 -/ W
g [R'q.nlt'] 4“'( T l’_laz:b a (/\)(pJ,Jé))J.(O 9,) ( )

f 7
x a(zqq'klm'ooom‘o’(uj.) RE e, D) [ e Ry ) Ry (1)

i
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20(kaa") "2 a(keg') ™Y (1)3°9" R a(u')EmléT*ﬁﬂﬁ"Jﬂm

L

(8"?)'2EZ (W a(3p) (pyig,) I (EE

2y a'b  aB i
xi'b a's’
SR 1
0 0 ojlo s -p3)lss 8 8
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As with equation (I1.4-15), further simplification of (I.6-9) is

difficult without restriction of one or more of the indices.

s . . fraqnt)
Explicit evaluation of special cases of the o Q'q‘n't'}k and
W gnt . . . . .
o} [z'q'n't')k yield interesting relationships among the
c[g.g.:.z.](a) . Some of these are examined in the next

section.
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) ( (a)
I.7 Relations Among the ”lg'g':':'

_ .4 . fpgst
Chen, Moraal, and Snider have examined the ”ip‘q's't' K

collision integrals in the special case in which one of the gpqst

basis operators is purely translational, i.e., q' = t' =20 .
These exhibit interesting relations due to the nature of the

o (EnJanqli n JdeO)k av} g (LnganQ|2'n ijao)k cross
sections. The v g.g :.8 ia) exhibit simiiar relations because
)
Jrgqnt w{2agnt) vyies .

the o [2.0 n'OJk and 9 {L‘ vni COilision inteqrals are
themselves closely related to the cross sections.]2 In this
Lgnt | w2 ant
Q;'(]'n‘t')'k and \I [llqlnlt'

integrals are examined in the q' = t' = 0 special case and

section, the o'[ ]k collision

relations among the 0(8.8 :.5}(3) scalars analogous to those

of Chen, Moraal, and Snider are obtained.

If the restriction is made that q' =t' =0 , equation

(I.6-9) can be simplified using the following:

£,(03030) = (3 (1.7-1)

D0
a

'8'(Sb) s{x'g'|00) , (1.7-2a)

k q 0
I = (1% 2 V(q) s(qlK) (1.7-2b)
-8 8 0




(£31{%e(0)3(0 )) IR (1.7-3a)

R(O)(L 5) =1 (1.7-3b)
and ]
(0) (0) )
j;§5 Py IRy (e IRg ey ) = &(tjo) . (1.7-3c)

{ Thus (1.6-9) becomes

{i a2(x)9(0£z)'95 a(2) &(iqtk|2'000)
A

<
;—ﬁ

7 .
mYRm«nnmlhﬂ 5

21 Ly (! -
- 2%a90)” F wtqee) ()9 0T q) w(ee') s(k]a)

1

i M r'
) +1) 3 +]
| 'l(n'r??/)n u(wnﬂ' 2/7_1, () L sz vl (pi‘;j[))

A

\ )
! Q‘f‘ -y 9' -

‘ [ | J dy 44T e Ln.+y‘(Y2)
ai 0 0 0,0 & -5

%
—
—
Q.
wv
[~
(=¥
4

*
S (IAdp 15,5, T,(a-a)00g(s,)

*
x Eab(AA'SL';-:z)Cab(.(nt) S(J! jt"\IS S J . (1.7-4)

A similar trcatmont of equation (1.4-15) yields the important ?

result:
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Jrant) -t an ) . .{i qnt —
(o) {Qlo nlo]k aJ {9.'0 nnolk )(k\Q) a ‘R.O n.O}q . \1.7 5)

Equation (1. 7-5) can now be used to obtain an exprecsion for

the 0[2 8 Z gl(a) collision integrals. For q' =t =0,

equation (1.2-7) can be written

o[g.g :'Sl(a) = (-0 s(pada Ya)alq): ‘tOO)AG ;; daiet) -
\‘Ini
_\ﬂ' (q) (.Qqnt Do
x [1 + ( ‘) ] lgnzln-;psprlT (JL‘O nlo}q . (1."6)
In detail this becomes
(a) 3 1'/"' '
pgst - ~ atp -1 A 1_‘!_"11__ : B 2
o3 5.4) (1% o) ol fa) e 2 0 CDT
en
x 1( a) (§ o2(A a(2)s(2qt{2'00 ) dyt kni(y) *n,i(,)}

nt'n';psp's’

g’ T{n+] n'+1) R -2
) ZB‘)Q X [‘(muaﬁr&? Y } (847)

A A e A
x i aZ (A" )(p i )Y (i)*" { ﬁ 4 1
0 \ J 24

i! Jb b §1s (0 0 0j0 -2
A
241 -y? ' s
x f dy 1 ey Lﬁ,*VZ(yz) !J ds,dS, S* (5! IS5

)

* *
e 1, (an)00(S,)Eap (1 3-BIC  (2anE) SIS, S b
g
(1.7-8)
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a result that is useful in considering some special cases

collision integrals.
((a)

a1 the

.
wnd o Lo he

For p =s =0, the quantity tni'n';00p" s’ o Ay
Y25 +p!
1{e) R 5 B s .
tnk'n’;00p"s 7| in,00 "e'n',p's' Tut g
f1]2s'+
S §(en¥'n'100gs") 8(p*[q) , (1.7-92)
v2J
yielding
( (a) g
0q0t s ntla) s g
o}p'o 5'0} s(ptia 1q) ©(q0q)[1 + (-1) -
g0 o
¥ o ' - (1.7-9)
lq 0 s qu

In compariscn, for p=1. s =0, it is found thut

(Q} r]\2+25.+q N [ ] ! < e
Lintn 10p's! (j;J ¢(n2'n"]00gs ") c(p' ye1)
- . 125+
lkgﬁ](%é}' ‘ q (2n2'n' [COQ{~"-1}) ~(p'iq-1)
L (V2
I —
|_2qs (@)

|
SR A + |
L§2q+TW} A i10) Tygs v niqgprse

(1.7-10a)
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and
(a) [ 1 1250+
1q0t - o Qyl i i
- oy i
, 12'+3)| .0 q 0t !
« {1:8(p' [q+1) 'QLJ)§§E3 = [ 3o 5'0) |
q

PO

' ) |

' .( q 0 t l (1 o0 .

+ 8(p lq-l)EZq ]] 2'g 0 8- O}qfk , (1.7-10b) |
’ E

. . . . i 4
since parity considerations demand that £+¢' be even.

: : 0g0 ¢t 1
Solving the above expressions for {q T )
0q0t - -1 _ya1-1 [ 528! +q a0 t““>
o[q g S.O)q a(qo)™! 01+ (DY (2% D 800
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1t follows that
_'iy2 [
?9}; 0{] qo t (q+]) i OQO t‘\w/ ;
2| TqFTY(7q+25° 73 TJ (@*1 0 s' 0 Vg 0 < 0, .
N . - |
= 2' 11/6 qg 0 t (q-1) '712) \
2q( +1T' {q- 1 0s'+1 0 ’
analogous to CMS-43,
Other intrresting relations are obtained by connideving
the case q = q' = t' = 0 . tguation (1.7-6) becomes
p 95 t fa) atp 'l -1 o oy ( nty
o' 6 ' 0] = (-1) (p'la)a (@) %n {00 e (-1 3
2'n' '
(0) (0t (1.7-13)
ink'n'osp's! L?‘ 0n' 0j, v
: . )
Examination cf Y 0, . reveals that
et ntpep' <
Y
(0) o ststep
Im&','n‘;psp‘; ) X /) in,n_'sl_s

?LL
(e 3‘Y7+n "

) p - L
xzq—.—--— ‘‘‘‘‘‘ ( '{?lﬂ ) (ﬂ(ypi}"p‘)
[ ‘ts-nﬂ’f-’éiL-'.A G -n+ 3P ’“‘i 6 0 0 ’

.o 'sls .LP_‘_"
n!

. which Teads to
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[ r (D IR (s [}.(—g‘%

« 3 (2L+) L
C {S-n+P:—§—i]!F[S-n+th§“LJ] 0 0 o
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20 n t ﬁzn/z -1, :
0[2 0 n-s 0]0 LI 022)” ¥ (1)
” § a2(x) ¢(t]o) f dyy RnQ(Y) Rn~§,Q(Y):!l
- v,
_ F(n+]) F(n—§+]) B 2 -2 . 2
‘ I‘(n+£+%)r(n—§+z+3/z)J (8r%) E%- a{an
- B a“b
AN
—v2
x [ dy Y2+] eV Lffg%(yz) f[ S S (J Jb

X

]
* * t
£3p(2:0) €p(2078) S(3L515,5,)]

6(p*|p) é(pla) a'](a) ) s.v(oo.z)i/?

L 2

(1.7-15)
RN TS
P ) ,
Ja%' 0 0 ol
. 'ra b)
(1.7-16)
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Equation {1.7-15) can now be rewritten

s+5'+p

(a)
off S5 8] = st instelan)

x T W ()1 (I (e ) (24n-54 )T
eni

9
“) b0

F_",,TF:LJ, s - s J"“‘T
2;E J[) a2(1)6(t]0) f d
L

ady adb (0 0 0
xz

o (s g5 <o
. (8+2) JJ ds_ds, (3! il s

* x .
fab(R,O) Cab(QOnL) ﬁ\JanAiSaSb)

Defining two new quantities,

SCIEREISI [ 5)2

G(ps:xn) = 7}

L 2 s—n+9i;kbr[s-n+lmggk
S

)

J
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[sts' L (prst s )0 (pts'+3) ]

22 - 2 a1 ~ +l
e L ()]

B ' 1ot 0 1y
- t I, ufu;“)(pj...);( J [ar M e )

(1.7-17)

(1.7-18)
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to

o[2n;st] = iva a’(L)[F(2+n+3)r(2in-5+%) ] !
"B

=

0N

<] 22stefo) f dy v Y L2y (B2

AAt R 2 !
- [;.Z aZ(AA" )(PJ.JB)[O . 0] J dy y*H 7Y Lﬁféﬁ(Yz)
J )
ab

AN

x (e.n:)‘ZH dsadsb S (j jb\ ]S s *b( O)C:

4

(a) ! 1
u{g. g s 5‘] = 8(p'[p)8(pla) (o)™ TPLsis  tr(prsedy)T(pest+dy)] 72
E
x ) G{ps;an) of2n;st] . (1.7-20)
n :
g
The usefulness of the above expression is apparent in the 1
treatment of the following example. The scalar, %8} )(]) ]
can be written
1010,(1) a
(1010) = YW r(%) ¥ G(11;2n) ofen;00] , (I1.7-21a)
n
with
. . S5(anl00 5(an0ll 2 5(an]20) .
G(11;2n) NE JEA) 5 TT(%) i (I.7-21b)

R e A —. T, | &b m ARt b
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Then, since o[00;00] = 0 ,

| o(101gy (1) 2 0[01:00] + § 0[20300] . (1.7-21c)
:
Similar treatment of 0(5388)( ) and c(gg}g)( ) yields

o(333%)18) = 2 orz0500] (1.7-22)
and
o(3319) = 3oro1:001 (1.7-23)
from which it is apparent that
1 5 o016, (0) , ¢ iy (2)
o1 = Bortgini )+ foiah (1.7-20)

This is wnalogous to CMS-47,
Other special cases could be examined to obtain other relations

{ - Y
amonyg the o[g.g.;.t.}(a)

collision integrals. The examples
treated in this section are representative of the types of
manipulations that can be done once certain of the indices of the
collision integrals are restricted in some fashion. The relations
that can be founz make it possible to evaluate collision integrals
based upon information obtained in the detailed treatment of other

collision integrals, at ¢ great savings in time and effort,

Furthermore, though the relations of this section apply to

-

-
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single component diatomic collision partners, the results for the

(2 ant
a [z'o n'O]k and o

generalized to other collision pairs. This becomes important in

“li'g :'3Jk collision integrals may be

the Tater portions of this thesis.

g
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1.8 Summary

In sumnary, the first section of this part, cssentially a

review of Hunter's work, provides the motivation for the
. J{tant wftgnt) .
reduction of the [Q'q‘n't')k and « (L‘q'n't'Jk relative
momentum collision integrals of the remainder of Part I. In
section [.2, the relationship between the relative momentum
collision integrals and the kinetic theory cross sections,
] S I URL IO B U ey ) li;\" LIS SO B Ry |

o (QnJath,Q n'ilipy )k and  o"{ nJanqlx n'jfi.q )k , of
Hunter and Snider is established. In that section, the

0[p|qlslt1}(a)
Pgst
in terms ot the relative momentum collision integrals. In

scaiars, introduced in section 1.1, are expressed

sections 1.2 and 1.5, the conne~tion between the work of Hunter
and Snider and that of Curtiss and co-workers is made, In these
two sections. the relative womentum collision integrals are
ecpressud in terns of the reduced <cattering mairia,
5(j$j53i5a5b)

Sections 1.1, 1.2, 1.3, and 1.5 set tne groundwork necessary
for the importont result: of sections .4 and ! 6. The new
results of Part I are presented 10 these two sections; the angle
derivative operators, Cab(ﬂqnt), {ab(x\‘n';-ﬁ'-ﬂ), Ea(Q'jé3‘“')-
Eb(q'jé;u'), and Ia(q-u) are introcduced and a number of the
summations and angle inteqrations carried out. In this manner,
Wfegnt

| ) , . i .
c [t'q'n't'Jk is simplified from a sixteen-fold summation and

twelve-fold angle integration to a summation ovei eight indices

Py




s e ettt

and an integration over six anglzs, while m”!;.g.:.z. K is

reduced from a summation over nineteen indice< and an integration
over twelve angles to a similar eight-fold summation and
six-fold angle integration.

It is showr in section !,7 that the rcstyiction of

qQ' = t' =0 leads to a number of interesting .~ iations arong e
relative momentum collision integrals and the ”:5'3';'2')(d)
scalars. One of the most inmartant of these 5.+ » equality of
(b nge ma o [L308, |

The simplifications f ";i‘g'g‘é'}k afis “{?'j‘:'g'}k
in sections 1.4 and [.6 proviae a wajor first 5 toward

calculation of the transport properties of a dilute sinqgle
component diatomic gas in the presence of an «pplied magnetic
field. Though within the realm of possibility, such a
calculation proves extememly difficult due to the dependence

of the intermolecular potential on three oriertation angles for

a diatomic-diatomic collision. O0On the other hand, the
interaction potential for an atom-diatom collisinn is a function
of a single angle. Calculations of collision cross sections for
atom-diatom collisions and transport properties of a binary
atom-diatom mixture have recently been con‘.pleted]3 hy R. Wood for

a gas of argon atoms with a small molecular nit-cgen component.

This calculation involves a gas mixture in the absence of a field.

The remainder of this work develops the algehraic groundwork for




the calculation of the transport properties for a similar system

in the preseuce ~f a magnetic field,

In order to carry out such a calculation, it is first
necessary to generalize the development presented in Part 1 to a
binary gas mixture. This is accomplished in Part Il. Then, in
Part 111, the general binary gas mixture is restricted to an
atom-diatom mirture and cxpressicns for the spherical components
of the viscosity tensor in the presence of an applied magnetic

field are obtained.
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Appendix [.A Explicit Expressions for I(quz;KjéH;UQ') and

[a(quz) with aq - 0,1, and 2

The I(qpp;Kjéuluz') sums defined by equaticon (1.4-10a) ave
evaluated using recursion relations crong the 3-3 'refficients.g’g

Their values for q = 0,1, and ? are

1003k § yiet) = 5, , (1.5-1)
Y T
LATej ') = St e A s sory ST
(1.A-2)
I(]O;Kj;uluz‘) = 0, (1.A-3)
I(];—] ‘)Kjauluz.'. ) 2 ‘6u2|’_“1‘] /‘\+(Klll) - (SUQI,Ul \\f(‘]aul) .
{1.A-4)
1(22;Kjéulul) = Iésuz',-u1+2 P (s
St 45 )
1 R Sy _— ;
PR, L G 1) (1.A-5)
RCAES FUER “156Uy',-ﬁy+1 Fofey) - VZGH;',-ul (3
(I.A-6a)

SV IO St (1.A-6b)




X(ZO;Kj.;ulu;' )

1(2,-1;hj3u;y, )

and

1(2:—2;) Jlal'l".‘

where

The cary

such o manroery

q = 0,1, ano 7

Ia(0,0) =

la(l,1j = -

85

= - e D) 3R - 202)

Vo SEUSL
i . P v 1 . ]
Vo= N G I ey +33m)
(1.A-8a)
ESICE ECN IOTIRD BN (1.A-8b)
Y C RO LN CIERD!
L o ‘*("'111)"\§(J )
o | ,(i&ul)v,(jéu1‘1‘ ; (1.A-9)
bY
) S AR AR IR B B
ponding oo, (g5 . are constructed in

3

trat tro.y tovy eouatiaon (1.4-13).  For

(I.A-10)

R ALTAL L (1.A-1)

T I

Ly

e
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1,0,00 = o, (1.A-12)
O (1.A-13)
) i H ) T { s I
1,(2,2) S ; ST z;"))Lf“) I!
+ L I . :‘1“ i ‘1I (l
AL ALP RS PO (1.A-14)
Lem s (1.A-15 |
1,{2,0) shme b 5
+ Ly »Lf("\_(j(;,ﬁ" 2y, |
3 h
(1.A-16)
j 12,500 = (1.A-17)
and
[(2,-2) ‘ 1ok ‘ x.(]"))Lfa)
co gy (1.A-18)
TIE ' (a) (a} ;
where % - ( d (a) a
. and L7, l.\) . L3 ), and
l(a) aver oo : .
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CARE 11

SUTGerY A, MIXTURE O IN AN

SONE LTI FIELD

GeneraY 0 o 0 oo i carized Waldmann-Snider Fquation
to Ber ST
In Part e el daldnann-Snider equation 1,2 is

(o obtars - to ooy properties of a single component

diatomic gax in ¢ anrdied magnetic field., The starting ooint of

the devel Gpaant

where

A : '
S AL S T (11.1-1)

P ey, Y 1~ the equilibrium Maxwell-

) - . 2 .
Boltzmann vi-tr ! s rae L toar densaily operator, normal ized

such that

BT, S P N PSR . T T U e AR IR a5 o Y

o o

LIRS

b% & T2

T o

3

N
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Hr,t) o= Tri dp f(o) R (11.1-2a)
cvgirat) = 0r j dp f(o)g . (I1.1-2b)
ana 0
/\‘ +\ - !‘(0) O
Iy - UEY'JQS( -t)+U nt(r’t)
{11.1-2¢)
] 1 ( IE 2 1
- ir i ap ?‘0) [Z\a»-vﬂ)&<+H Y,
and L ~Caesatiaa oporator cccurring in the perturbation
axpanst o o0 o ooctet distribution function-density operator,
I f(o) tse) (11.1-3)

In the abovae, ¥ and L are the linearized Waldmann-Snider
collisiun superacerator and the Larmor precession superoperator
. e e (0)
introas. . o o0 1L Tre guantities N, ¥y, and U are the
loca® b ©otee csoresonanic number density, mass-average

velocity, ang coneny adengity, respectively, p  is the mass

derss s Coin iy tho internal state Hamiltonian
noshoar o coorerpac Field, The traces are taken over
. . . . . . , 0

intear~:l v - copitabrium distribution, f( ) , then

_3/2 Y '
(MY [emb T]T 0 Texp[WE- Fo ), (11.1-4)
) B \BT
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where m is the molecular mass, W = (2kaT)-‘/2(9-my°) is
the reduced peculiar velocity, and Q 1is the internal state
partition function.

The generalization of equation (11.1-1) is accomplished in
direct analogy to the generalization of the single component
Boltzmann equation proposed by Yang Chang and Uhlenbeck 4 and

discussed by Monchick, Yun, and Mason. 3 In the absence of an

external field, the linearized Waldmann-Snider equation for a

binary mixture is written 3,5
(0)
: 2
kL B e(0) o (0) . ]
R A DI I UL VL A
k 221
(11.1-5)
where
e = (=t [ dp 00 [efdp dp < g, [tlu, gl !
ki - o) TRt U AR IR kg B M e P
x < \ o -p'-p' -
g 1O Ty 9, >8 (pytp -popy)t (111-62)

1 +
o) DTS PR LI R - I L LTS P R

90




i
';.
i
?
91
and
RUs. = - (2r)*hTr dp f(o)r{’ dp'dp,<u, g, .\ tlu, .9, >¢,
. ki ” ! See L P T T kn-k1> L
) f
(\L‘klgkl"&‘( ) ;vklgk d(pk*Eg ek ) (Il-l'sb) H
| , 3
. i : - :
IS TRATE DR EIPS: M) 2 1t Ty 9 1T - f
 ;
in the above, t 1is the transition operator, 9k} and N .
} are che reiative velocities of particle k and particle & before 1
i
i and atter collisicn, and Mg i5 the reduced mass of particles k
i and : . Addition of (II.1-6a) and (I1.1-6b) yields
‘ * t Ll - (7. V42 (O [ ! [
: Mk:°k* mkz¢; (2n)™h Trz {dg}f [{depndpk kﬁgkllt'ukzgk£>(¢k+¢z)
e [} 1‘ [) t ;‘?
Sy G St w9y ~6(pp4p -py Ry} (11.1-7) ¥
%‘é
‘('Zm Uklgk( It| rlkggkg (¢k+¢2) ‘—‘
BTN LRIVE gl :
|
|
the right hand side of which is clearly the generalization of L
di¢  of Ref. 7 to multicomponent systems. The essential difference &
H
. / Yo ‘"l \ : [y . - :
petween “mk;'k4'6k£ o) and & lies in the fact that in a
. |
multicemponent system, collision partners may be of different 1

species .
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The extension of (11.1-5) to include the effect of an

external magnetic field is immediate. For a binary mixture,

O ) (0) Z
S T m AP DR AL KE] L LI

(11.1-8)

. . 8 .
where l.k is "he Larmor precession superoperator for species

[k¢k = ‘((A)L)k [(Jz)ks’k] . (II.]"Q)

In the following section, equation (I1.1-8) is examined in
detail and tensor equations are developed for the perturbation
operator, by of a binary gas mixture. This allows the tensor
equations for the transport properties to be obtained in sectionII.3
Insection [1.4, scalarequations for the transport properties are

obtained from the tensor equations. These are written in terms
(p a s ta)

' a' st

scalars of Part I. The new scalars are expressed in terms of

of coiii<icnal scalars analogous to the o

binary mixture relative momentum collision integrals in sectionIl.5,
drawing to a close the formal treatment of a binary gas mixture

in an applied magnetic field.

[ ———— ——— i s s e
& e

5 h PN
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11.2 The Perturbation Operator of a Binary Mixture

The generalization of the linearized Waldmann-Snider
equation to binary gqas mixtures, equation (Ii.1—8), can also be

written in the compact form

2

o ALt le (6 0 10 ) . (11.2-1)

Equations (11.1-8) and (11.2-1) are obtained from the treatment

of the following perturbation expansion of the distribution

function-density operator, fk :

. ¢(0)

fo = Fo Qe (11.2-2)
Here, as in the previous equations, fﬁo) is the equilibrium fé
Maxwell-Boltzmann distribution function-density operator. It iﬁ
is normalized 5 such that gi
i}
] (0) }
nk(ﬁ,t) = Trk J fk dgk (11.2-3a) !

0

/0 { Trk [ f£ ) Py dp, = volr.t) , (11.2-3b) #

where ;

p = E UL (11.2-3c) l




m B
Vo T Try [ FO) [k (af- vo)2 + H!] dp,

(I1.2-3d)
TR RATLL T TIPS

in which f] 1is the internal state Hamiltonian neqglecting

k
interactions with an applied field.

The requirement that n ., v, , and U(O) be local values
of the macroscopic number density, mass-average velocity, and
energy density, respectively, demands that the following auxiliary

conditions be satisfied:
(I1.2-4a)
(11.2-4b)

(I11.2-4c)

(it (I1.2-4d)

Equations (I11.2-3a ~ I1.2-3d) are satisfied if

(0 . M -3)2 k
i = (6;)[2nmkkBT] exp[-W§-EEf] R
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Qk being the internal state partition function for particle k .

Using the equations of change,g’]O the differentiation of fﬁo) in

equation (11.2-1) can be done to obtain an expression 3,11 for 4
Yk
?
2k, T Hl <H'> :
. (2). (2) B \ 1205 5y KKk ;
1'rk = 2[kak] :[9vo] +( ) [(Nk-z)T]\/_Jk - VenT
(11.2-6)
2k, T y/0 c. H! <HI>
B'\!/?n t 2 KMk
+ (——— — W e d, + — = [(5W2-1) - ———=—](Vevy) .
My N -k -k Cy 3k CintT - -
In the above, the bracket notation, [ )(a)’ indicates a symmetric g
traceless tensor of rank a, <, is the constant volume heat ;

capacity per molecule, c, . is the internal heat capacity L

per molecule, ¢ = cv—%kB , and, in the absence of external

int
forces, 3 (f(o) has not been allowed to depend on external

forces) . 3
i
n n, nm :
- k k kk
d, = Y(?)+[T-T]Y fnp, (11.2-7)
with
Jd = 0. (11.2-8)
=

The perturbation, by > is then expanded in gradients of

the macroscopic variables describina the system: |

¢

N1

. ) ) (2) . .
¢y _,—\k Ye‘"T‘gk'[Y‘fO] tn gl'DkY Yo

ke

(11.2.9)

2=




in which A , 8, ,C, »and D are functions of the local
velocity, composition, and temperature. 3 Since the gradients
in equations (11.2-6) and (11.2-9) are independent, the integral

equations separate:

2
] . ¢
- 2 = ) [ ™
20 =) = LB (8 Fgl)
(11.2-10)
where U is the second rank unit tensor,
2k, 1Y H -<H!> 2
B\ rr Sy o K N Ky s \ \
(T W) Ty My = Thdr 1 (A efh,)
(11.2-11)
c. HY -<H"> 2
int ? 2 k k J— ) 1"
SR - e T e,
n (11.2-12)
and
2k T |0
B'\1/2 1
G A Mligt) T T hdGGeg)
(11.2-13)

2
* 221 [0 (Chi=Cig) * e (G 7G50

The last equation is obtained by consideration of the condition

on the gk stated in (11.2-8).

-
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Equation (11.2-10) requires that By be a symmetric,
traceless tensor. Thus, it automatically satisfies all three
of the auxiliary conditions8 expressed in equations (11.2-4).

The A automatically satisfy (11.2-4a) and (I11.2-4c),

-k kg
however, (I11.2-4b) yields the two auxiliary conditions:

and C

N [ ¢(0)
0 = % M T, J fr (;_\k.»_uk) dp, (11.2-14)
ang
(0) -C. .74 -
0 = ]/ "k J fio ' ([C4Cs1-4y) dpy  (11.2-15)
k
The D, on the other hand, satisfy (I].2-4b) automatically,

k
while (I1.2-4a) and (Il.2-4c) provide the remaining two auxiliary

conditions:
_ (0) )
0 = Tr J fk D, dp, (11.2-16a)
and
(0) Hy
0 = ‘Z( Try J e Dk [wk+,;;] dp, - (I1.2-16b)

The integral equations, (II.2-10) through (I11.2-13), along
with the auxiliary conditions stated in equations (II.2-14)
through (11.2-16), may now be solved for the Ak . gk . gkz ’
and Dk . It is useful at this point, however, to obtain tensor
equations for the transport coefficients in terms of these

quantities. This is done in the following section.

g

]
ot
3
.
\¢
“l
4

T e T .

e d

=
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I1.3 Transport Properties of a Binary Mixture

In this section, the perturbation operator of section I[.2
is used to obtain expressions for the pressure tensor, P, the
diffusion velocity <YE>AV » the energy flux, g , and the
anisotropic, (symmetric, traceless) part of the dielectric

tensor, [g](z) » in terms of the A, , B ,C  ,and D, .

k2
Comparison with phenomenological expressions for P, <NE>AV .

q , and [g](z) in terms of the experimentally measureable

transport coefficients yields expressions for the transport

properties in terms of the 5k s gk R gkl » and Dk .
The pressure tensor is given by the following phenomenological
relation: 3
P o= pu- 20 (7)) - k(veys) (11.3-1)

in which p 1is the scalar pressure, [YYo](Z) is the rate of
shear tensor (symmetric and traceless), n is the shear
viscosity tensor (of rank, 4), and < is the bulk viscosity
tensor (of rank, 2). In terms of the distribution function-

density operator, 9 fk ,

=]
n

2T J Try J fl W, W dp,

o (11.3-2) -
2kgT 1 Try [ fi (o) W W dpy
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Neglecting the terms involving temperature and concentration
) gradients,
- (0) (0) i
P 2kgT E {Tr, j fo Wddp, -Tr | £L77W W B, 2 vvodp,
(11.3-3)

(0) :
- Trk J fk ykykag-yodgk} .
In the above, and in the equations to follow, the integration
over p, can equally well be taken to be an integration over
particle momentum or peculiar momentum.
The following identifications can now be made:

? _ ] 2
I Tr, J UM de, < TV ] T, | Fuzdp, o (11.3-4)

k
2kgT (0)
vielding p = -7;—-E Tr, f fk Widgk = nkBT ; (11.3-5)
= kT VT, | Oy B d (11.3-6)
n B' & Tk | Tk PktkEKBK :

since B, s symmetric and traceless; and

(0)
y Tr J e "W M0 dp, . (11.3-7)
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Similarly, a phenomenological relation involving the
diffusion velocity is given by the expression:

"
n-m

YAy = T L mD,,td,-D

v T, (11.3-8)

T
k

£

in which D, and QI are the multicomponent diffusion and

thermal diffusion tensors, respectively. In terms of the

distribution function-density operator, 3,9

- ~ - e -
<‘Yk/AV ; Trk f fkykdpk . (11.3-9)
and consequently, neglecting terms involving 9v, and Vevg

> = - (0) .
L L J By ¥ I T dpy

(11.3-10)

(0) .
rmen L Try [ DRI P I

v

since

(0) -
Trk j fk Yk dgk = 0 (11.3-11)

In this case, the following identifications can be made

immediately:]]

0. = —1r [ £ON ¢ 4 (11.3-12
k2 nm, k Pk -3-12)

k -k-kz
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and
T (0)

D m Trk J fk ykék dgk . (11.3-13)
The phenomenological expression for the energy flux 3,9 is |
{
_ ]

5 ik
9 = kgl E (T”@““‘)”ﬂk av ~2o°¥T
(I1.3-14) .
1 T P
- kT J D, + d,, [

B mame ko ok i

in which s the thermal conductivity tensor for a gas mixture
of uniform composition, that is, 1y Js the thermal conductivity
tensor in the 1imit that no thermal diffusion has occurred.

If equation (I1.3-8) is solved for the gg in terms of

<\_/k‘.>Av and YT , and the result inserted in (II1.3-14), the

new coefficient of VT s , the thermal conductivity

A
tensor which is ordinarily measured.

In terms of fk , the energy flux, neglecting terms
3,8,9

involving Vvg and ¥evn , is given by:




2T 12

= 1 () T | (kgTWE i
I " |

)W, dp
mk -k

k/

2k, T
_ B8 \1/2 (0) 2 ' .
= E ( ™ ) {-Trk I fk (kBTNk'*Hk)!kék 4 ZnT‘dgk

<
Lo e

+n fi Trk f f£0)(kBTw§+HL)!kgki -d, dgk} ,

(11.3-15)
since
!
[ #0000 w2 + W)W dp. = 0 (11.3-16) i
j Tk VBTN T M 9B : ’ i
1"1
. i
Now, using (11.3-10), A
|.qJ
|4
<H!> SH> !
k
T (3+ 5 T Y T ket ) 3+ k;Tk)
(I11.3-17) -J
(0) ) ¢ (0) )
x (Try, f fo VA s venTdp, ~ %rlTrk Fo Vilyy md, dpt s :
allowing (II.3-15) to be rewritten:
5 <Mk
q = (3+ : )"k<Yk>Av (I11.3-18)
h ar .
!
L
2k, T H! <H>
B'\1/2 (0) k 5 k K
-k TY (=) (Tr Jf (w2+ -2. KK
B8 kM " kBT 2 8
' <H™> g

. Oz ok 5 Ty ¢
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By using equations (11.2-11) and (11.2-13) along with the symmetry

6,8,12

properties of akn , ﬁkl , and Lk , 1t is possible to

show that (see Appendix I[1.A)

2k, T H! <H'>
B ,!/2 (00, k 5 Kk .
g 1T [ LR LR sl R oy L M P 1)
k L B B
1 T
S Wl I P (11.3-19)
PO N -
yielding
. <HD>
- 5 K k -
Q= kgT 1 G oy Indyy
k B
2k, T | /» H! <H!>
B \1/2 (0) 2.k 5 Kk
- kgl L (=) T Ty f fo M T2 T Wiy T T dpy
k Tk B B
=
- nkgT % o oT - d, » (I1.3-20)
from which the identification can be made that
2k, T /2 H! =<H!>
B 1/‘ 2 5
o 7 kg ,5, ( m Yo j flio)(wi‘f' kkBTk‘—k)‘ﬂk’.‘k dpy -
(I1.3-21)

Finally, if only gradients in v, need be considered,

the symmetric, traceless part of the dielectric tensor is given

by the phenomenological expression: 13

P —
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(€19« e mval? (11.3-22)

in which 8 1is the flow birefringence tensor (of rank, 4).

In terms of the distribution function-density operator, 13

(11.3-23)

in which a” and éL are the electric polarizabilities of a
molecule parallel and perpendicular to the symmetry axis of the
molecule, respectively, and in which the second rank tensor,
{v/——{Jk J )] A [JkJ ](2)) , Characterizes the angular
momentum polarization 14 of the molecules of species k .

Again, the identification is immediate:

B = v % nk(a”-l)k Trk J fio)t ( %)]-1/ [JkJ ](2)} g Ek
(11.3-24)

PRSI - L 1
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Using the perturbation of section Il1.2, expressions have
been obtained for the shear viscosity tensor, n , the bulk
viscosity tensor, K s the multicomponent diffusion tensor,

Dy » the thermal diffusion tensor, QL » the uniform composition
thermal conductivity tensor, 1, , and the flow birefringence
tensor, g . In the following section, scalar equations are
obtained for the above gquantities, yielding expressions more

useful for computational purpeses.

T e S e

-

[RATA. Wy

P N T R,

X
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1.4 Scalar Equations for the Transnor: Properties

Equations {I11.2-:0) throunn (i1.2-13) can te written in
terms of tensors in the Wang Chang-Uhlenteck bacis. Expansion
of the unknown tensors of the perturbation Operator appearing
in these equations over a total polarization basis leaas to
a partial uncoupling aue to the conservation of oolarization,
Tﬁis yields the iesired scalar equaticrs for tne transport
properties.

In Ref. 12, the Wang Chanc-Uhlenbeck basis elanents are

defined:

s RSy 1 @)y oy )
Bipgse = L (WL TVVRNH, kT (I1.4-1)
the Lps(ﬂk) being velocity tensors composed of a product of
an irreducible Cartesian tensor, [w](p) , of weight p , and
an appropriately normalized 7 associated Laguerre function,

S
through (I11.2-13) are expressible in temms of the

1
L(p+4’)(ui) . The left hand sides of equations (I1[.2-10)

Qk'pqst elements just defined. (11.2-10) through (I1.2-13)

can then be written

¢
b
&




1Lk!=3k

2

2=1

2
DRCH RV HR

= /2

_ 12
= 20 - M)
L20(W,) (11.4-2)
gk;zooo ’
2kgT /2 Hy =<t

L LAt T R AEREA) = (mk) [ -g)+——~r—-—]w

—
2k T 1/2 1 int ,(0)
(5 /3 )+ = o, ){ (2t RO /kT))

kgl 1/ c'1'<nt
- (-_—) - / ?' Brsr010 " "—E;— gk;1001] ’ (11.4-3)
2 c H'-'<H"<I>k
1 ] - 2 _____
1Lka * (akmokﬁﬂkz L cv [(_N -1) ]
“int /2 kg |5t (0)
= [- LOY(W, ) - Ry~7(H, /k,T)]
Cv 3= -k Cint kB k' "B
“int . /2 kg c'i(nt
= (- 38 |\ B,. 1,
c, 3 Bkzo010 T €,V TRg =k; 000
(11.4-4)

and

S e

i



2
l8iGg) + L [ GGy 15 (€0 56y 50

2k, T
g'\1/21
= m, n dk(akj‘ékl)
(11.4-5)
2k T 1/2 ]
By 10
= mk) /2‘ ': (!k)(‘sk le)
k T 1/2
- ( Byl -
= @ A BiooolOhy o )

The transformation of (11.4-2), (I1-4-3), and (I1.4-5) to
scalar equations is accomplished by writing them in terms of
their spherical components. As in Hunter's treatment of a
single component system,8 the spherical basis chosen is that
of Chen, Moraal, and Snider. 12 Their basis tensors, gpm .

transform under rotation according to the irreducible

representation of the rotation group. Furthermore,

(11.4-6)

[ ehe™ - g(p) , (11.4-7)
m

108




where g(p) is the projection operator onto the space of p-th
rank symetric traceless tensors. Consequently, the gpm are

orthonormal and complete.

The B, appearing on the LHS of (11.4-2) are symmetric

traceless tensors of rank 2, and consequently, their spherical

components are obtained by dotting them with me :

2
By = e o2 B, . (11.4-8)
The Ak and gki of equations (I1.4-3) and (II. 4-5) are of

rank 1, and so their spherical components are cbtained by

dotting them with g]m :

A= eMon, (11.4-9)
and
Chs = em OC, . (11.4-9b)

Note that (11.4-8) and (11.4-93) are simply component versions

of H-44 and H-52.

Usina the above and the fact that the spherical components

: 8
of the §k;post are given by
fo = PP ]
Bripost = € @ Biipost (11.4-10)




it is possible to obtain scalar equations from (11.4-2),
(11.4-3), and (I1.4-5) by dotting (I1.4-2) with €™ , and
(11.4-3) and (I1.4-5) with e ™ . In addition, noting that

Ek;oost is a zeroth rank tensor, i.e.,

gk;oost - Bk;ocst i (I1.4-11)
(I1.4-2) through {I1.4-5) can be written in scalar form:
2
/2 Bk 200 C 1LkBk gl (otkgekmklae), (11.4-12)
5
int .mo 5 ,mo - \
(Tﬂzq EJ kg Brir001 //; Bk;l°10] LA 2 6& Ak +ﬁszz
-— (11.4-13)
clnt /kc:(nt
7 38,0010 T Soond T LD Z (2D ks »
(I1.4-14)
and
kT
B'\!'/21 _mo ( . ~
( m, ) " Bk;looo ‘dkj“oki) L (C kJ)
(11.4-15)
2
+ z] [«e'g(c:i-c';‘j)mii(c;‘i-c’gj)] .
L= :
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The spherical components of the Wang Chang-Uhlenbeck

basis operators are given by

BV I TR 59 .4
Bi;past e O Byiogst O & 0 (11.4-16a)

which in turn yield the spherical components of the total

polarization basis: 8
(a)(l = ata 1 [P q a) 94
Bpast T LD o) Bipgst - (114-160)

The components of the perturbation operator are new expanded

over the total polarization basis:

mo_ pgst (a)m
B, = I By, B, . (11.4-17a)
2 pqsta (a)m;z “2;pgst
m past (a)m
Al =7 APRE gl , (11.4-17b)
5. bqsta (a)m;s “2;pgst
0 _ pgst (a)o
p, = D, = § D .o B . (11.4-17¢)
) £ £ pqsta (a)0;2 “2;pgst
an
"= ) C‘()gi,f, .B!(l‘?)"' . (11.4-17d)
L pqsta Y sPas
. . (a)m . past
in which the Bl;pqst are the basis elements, and B(a)m;z s
past pgst pgst .
A(a)m;z ’ D(a)O;Q » and C(a)m;zi are the unknown expansion

coefficients.

!‘ -A;A 4-_‘-‘IA




Utilizing the above,

2
(2)m 5 past (a)m
a B;2000 121 pésta {[B(a )m; UL PRAEIPE k)Bk pqst:|
pqst (a)m (I11.4-18)
[B mi2 H.Bz,pqst]} ’
(E@i)h’:[‘“;ﬂ_g B(])m l 2_ (\)m ]
M \ kg Thitatl A\ k31019 (11.4-19)
_ 2 Ta? 1Jt ( [ \B(a m pqst B(a)m b
121 pQsta S a)msk 'ﬂk TR k;pgst (a m; LcKl 2;pqst
—
i t[/Z_ +\/kBCint:B ]
38 k;9010 C. k;0001 (11.4-20)
v int
2 a(a)0
pqst ' (a)o pqst a
3-,;] pgsta{[D(a)o k d’{k Hélek k; pqst (a)O zaki L3 pqst
and
ko T 1/
B/ 1 L (1)m
("‘k) F‘;Bk;xooo(6kj"6ki)
= past chast {a)m
,gl pqgta CCCayms ki ™ Claymski) Feat10ka kB pastd  (11-4-21)
pqst chast (a)m
* [(C(a)m;zi (a)m; zJ)ﬂuBl pqst]}
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The basis elements, B‘((a[))qst , are normalized such that
a a' ! ' ' 14
<<B‘(( ;)J:st|3$(<;p?:'5't'>>k = 6(aala'a')s{pgst|p'q's't') ,
(11.4-22)
where the inner product for mixtures is defined 12 as
<A B>, : 2-Tr [ dp (0) A'g (11.4-23)
k'"kTT kT n ok k K"k © ’
Multiplying equations (11.4-18) through (11.4-21) from the left
v 1
by Bl(cé'lp?rr?';t' and taking the inner product, the following
set of matrix equations is obtained:
Y2 &(p'q's't'a’20002}
2 ' (a)m
"o [B‘(’q)m ) f( m s,t,“ﬂkz* ket 1Bk pgst ™1
2=1 pgsta pq’
(11.4-24)
past  _.qfa’ )m L .
* [B (a)m;s¢ /Bk p'q's’ t“ﬂk ‘ ,pqst k
k,T 1/> !Cr =
(—-B—-) .[ \‘——1—"3- &lp'a's't'a'ji0011) - /% A(p'q's‘t'a’{10101}]
mk kB <
2 -, (a )m t (a
= 7 i ([quSt_k <Bk p'q's t'““kit+ k)!Bk pqsl:>>k:I
2=1 pagsta (a)m;k
(11.4-25)
L ra99st  __pfa’ \m woopla)m oo o
“(a,m,.\ Ek n'q' s“"‘k"Bk past 3‘>k]' !
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7k
C. "K.C.
-%DE [/?; S(p'q's't'a’|00100) + 179132» <(p'q's't'a'|00010)]
v int
= - § §ooPast cglatimt g 181200 55 7
| 21 pusta‘ (a)0sk k,p q's t' &9 k pqst”” k
; ) o) (11.4-26)
pgst __(a’)m' fem 1 pla)l
* [D(a)O;L ‘(\Bk,p'q's't‘'“k!L'BS.;pqst>>kJ‘l i
and
kgT 1/24
- _g L] In
("'k) nkwpqsw\ 001) (5,55, ;)
= g - [(Cpqt erf )
o pqstu (a)m;ki ™ “(a)m;kj
. (11.4-27)
«gla')m’ e (ajm
X </Bk p'q's't! e \2+1Jk2Lk)|Ek pqst>$'k}
pgst pgst (a')
+ . - ) <
[(C(a)m;£1 C(a)m;zs) B ip'q e 16 'Be pas st
The fact that GLQ and nik are invariant under all
rotations,8 and consequently conserve both total polarization

indices, allows their matrix elements to be written

sl ), (a)a 5 = 6(ata’au)<< B (a)a

| !
k;p'q's’ t'l‘kz'Bk;stt vl g 18

(a)x
kip'q's

(11.4-28a)

>

k;pgst™ k'

Sy e —
rm

" -
i K ,,ﬂ‘ﬂ-. A

.
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and
(a ) (a)a > = [ (d (a)a
<LBk p'q's't’ 16 k pgst” k 8(a'e 'aa)Q“BP p'‘g‘s’ tlaik k;pgst k'
(I1.4-28b)
It is convenient to define two scalar quantities as the matrix
elements appearing on the RHS of (11.4-28a) and (11.4-28b):
. Ip'a' st t'](a) _ .. {a)a Cor la)a
> & q S t ke Q‘Bk;p‘q's't"oiﬁigk;Dqst72>k ’
(I1.4-29a)
and
WP g sttt la) o Lopla) jla
S [p qg s % Jky 7 “Bk,p q's 'ﬂiﬁlif pqst
(I1.4-29b)

Lk , on the other hard, is invariant only to rotationc about the

. . .8 ,
field direction. Consecuently, 1t conserves only the u

index, and explicitly,

a ) (a)u - tatatgr bt (Q) '
By pgrs! oo thy 1BS .past “k " {0 ), 8(p'a's't'a lpqstm)qu (a'a) ,
where (11.4-30a) L;

o) = ()M )P e (2a ) va(ar T T (2 T) [‘aaol{;?;aq} '

- (11.4-30b)
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Using the above, equations (11.4-24) through (11.4-27) can
be rewritten:
V2 8(pgstal20002) - : , gPia sty c.(p g s tJ(a)]
231 p'q's't'a (a')m;k “aa p'a' s'thke
+ R At S"(p 4.5 t‘(a)+]0 (w ), 5{past|pqst) (m»aa "1,
(a')msx “aa'” (p' g s't'Jk: k'L Kk P9
(11.4-31)
—
k,T 1/2 C. ,
(—B- / { ““lﬂﬁ (pgstalionil) S{pasta;10101))
m
k B
- g : APl e cip g s t (a),
=1 n'q'é'i'a‘ @'k taatt {p' gq' st ik
A U R R AT (dch't“pqst)L( (aa")]}
(@' )mie Yaa'? gt st otk ke Lk ! ' "
(11.4-32)
1 [/ sipgstalooiog) + -8 it §(pqstal€noto)]
c K] C.
v int
= % (pPlas't s 5.{p q s t](a)]
- - ] . ] ] ] ) 1
221 plqlsltlal (a')0k aa b g s' t'jke
pPa's’t) sufp g st (a) . (0)
* D3t y0:10%, [p.q.s.t.J 16 (o )8 (st lpase) ') (aay,

(11.4-33)




le/Z
(mk —) ~; 5(pqsta}10001)(s kJ-Gki)
2 YAl VAl elgl \(a)
= c(cPas't _.p'g's’t p q s t
gZ] vdéfd t(c(a')m;ki c(a')m;kj)[Gaa'S [p' q' s' tlkz ]

(st ety b s Hediis ) sbastipast) M ey

(11.4-34)

The above set of matrix equations can be solved to obtain the
plqls tl plqls t! plqlsltl

expansion coefficients, (a ik (a ik (a A
and ?aq); :1 , subject o the fellowing aux111ary conditions:
R R (11.4-35)
= 16 1060 : AL
0 )'E nk '/m—k- (C]m~k C m IfJ) ’ (114 36)
0 = D{3f« (11.4-37)
" e "
- v int on /2 a1
s E "V TRy O R (A%
(11.4-38)

Recalling equation (71.3-6), the shear viscosity tensor

can be written (since BP is symmetric and traceless)

Ne .
adicta aalilaben o
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1 -
n = 7? kBT E n <:B(2) 'B > (11.4-39%)

= v

Expanding in terms of spherical components and then over the total

polarization basis yields 3
_ _l. N ) ?)m m' 5
L v?'kBT E n L, Sy Bk"ooo‘Bk e
nin
1 c . - 2m (2)m (a)m' pqst ?
= 75 kol ) n i P MR |B B S
V2 B ‘ s pgsta ~:7009' kypast™ T(a)m'yk |
(11.4-39b) 3
: g %
Using the above, the viscosity can be expressed as H
- no= T e, e (11.4-40) ?
= m = m =m ’ '
with 5
kg 00 J
; = — B20 11.4-41 v
w7 L s, ( ) .,'
i..
Similarly, since Dk is a scalar, equation (I1.3-7) for -
the bulk viscosity tensor can be written i
]
- () /3 »(0) (0).
¢ 72 kT T my =8y hg00 - 73 Buao10Y? 10k L

x

B k;0010

5 e oY (0)
72 kT ]yl S<a { n

00> U+ § PN [pl0s
|D ~ % S | kK “k

20 2900
/2 kgT I n e D "juo"‘”‘J } . (11.4-32)
k

(2)03k ~ (0)9;k
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Consequently, ¢ can be expressed as

k = &% -VYn , (11.4-43)

with
¢ = V2 kgT é ny D3388. (11.4-44)

and
n, © /% kgT l)( ‘ ‘(’g;g L (11.4-45)

Recalling equation (I11.3-21), the uniform composition

thermal conductivity tensor can be written

k
k,T c.
i B /2 /5 g(1) int (1)
A © kB E (mk) N <73 k 1010+ kg gk;lool}“-\k:> k
(11.4-46)

In terms of spherical components this becomes (after expansion

over the total polarization basis)

e .
Ao X ('—") / k L z g]m
k mm' pqsta
/5 5(1) ,'Ck (1) (a)m'
m int m a)m pqst l
x <{-/ 7 B.1010t kg Biir00: ) |Bg .past ~k A(a)m K Sm?

(11.4-47)

T LT T,

N

o
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This leads directly to the expression8

g = J el age (I1.4-48)
2 4 m
with
m ANV cmt 1001 /f§ 1010 11.4-49)
o T kgt (’mk Yondiao kg A msk = 7 2 A mgid -

The flow birefringence tensor is treated in direct analogy

to n . The spherical components of 8 are given by

- /2 . gl200 11.4-50
Bm m /-l—- (0" (ll-)k (2) . ( )
The remaining two transport tensors, the multicomponent diffusion
tensor, 0,, , and the thermal diffusion tensor, QI s are treated

in direct analogy to Ao . The resulting expressions for the

spherical components of Pkﬁ and D{ are
mo_ ook t/2,1000 (11.4-51)
Dy nm ("——) (])m k2

L

and

Dkim = (mkgD)V/2nai80 (11.4-52)

P
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The above expressions for the spherical comoonents of the

transport tensors involve specific expansion coefficients,
s t] (a)
} ke ’

which in turn can be expressed in tems of the S'(g. g. s't

Wp q s t](a) (m) (. . .
S {p' Q' s’ t) ke o and qu (aa') matrix elements, once the s
set of equations (I11.4-31) through (II.4-34) has been solved. ‘
.
. . fp g s t](a) ﬂ
In the follow1n? section, S [p' Q' s’ t}ki and i
S”(g. g. :. t.] iz are examined and related to the collision }

integrals of Part I. To the extent that these can be determined

computationally, the transport properties of a binary gas mixture g

in the presence of an applied field can now be determined and

compared with results obtained experimentally.
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(a) ( (a)
I[1.5 Expansion of the S'[p, g, s, t,] and S" p' 9 S. tJ
p a s tjgv qa' s't 5v
: in Terms of the Re’.. we Momentum Collision Integrals
As in Part I, it is possible to expand the scalars, 1
(a) (a)
S! p‘ q. s, t.] and '"{p, Q s t.] » appearing in the
(p qQ st nd S D' q' s’ t . ppearing in :
matrix equations for the expansion coefficients, in terms of the {
{, Sv \Gv
. . . g on t oft g n ot
collision integrals, o {a' q' n' t.k and l“ q' n' tJ K

Here, to avoid confusion with the k and ¢ indices that appear
in the collision integrals, the species of the collision pair
are labelled by the indices § and v . The development of

this section relies heavily upon analogy to Part I, and

consequently, avoids details already presented there.

If, as in Part I, only a single component gas is being

considered,8

(a) (a )0. _ . ~1/2 t oy
Bt @Bll > = gy Uofh 85 b @ataatara

(11.5-1)

Recalling that 6 can be separated into ®' and &" , this

could be rewritten as i

(@)ool
B oot 6B aq >

= mH -1/25 ' l{p q
ﬂ(8kBT) (aula a )(0 pu q




[ e e mo—

g sl

i
1
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in which

R

/2 Py
%( L )1 s(aaja’a ')<B |a'|B(a Ja! >

SkBT pgst p'q's't’
(11.5-3)
and
wiP g s t (a) - l /2 . d)“ o (a )Q
¢ {p' g s’ t‘} Hger) | slaafat <] past ¥ [Bprgisrer

B
(11.5-4)

From the development of section 1.2 it is also possible to write

the above as

o oa s tfa)
' q' st
= (-DIPY nKa2(k)e(kg’q) /24, “"‘} [ olkeet)/2
k Pa ¢n
£'n'
(k) feoq o not
Inni'n' psplsl a l;| qn n t'lk (11.5-5)
and

. (et e koo v yi1/249 a' k A SVIYRIL
RIS RCILCHMIEHEL N SR TIRULER
L'n'

I(k) U"(%| 2. 2| :']k . (11.5‘6)

gne'n';psp's’ L&




Equations (I1.5-3) and (I1.5-4) can be generalized for

binary mixtures as follows:

(a ( ) = dv / [ |’ t (
<Bg. ngst! av,Baaﬁd(r:‘tf - "v(BkBT) s(aufa‘a’)o lf.’ 7 s t']cav)
(11.5-7)
and
(a “' ( ') ' = "us\)-l/z [ WP q S t (a)
<8 past % NNV "(gkgr)  Sleulatat)o [p' q' s’ t'JGv

Equations (II.4-29a) and (I1.4-29b), along with the above, lead to

)
S.{p q s t ](a) - n (iﬂﬁ—j-l/z O{P qQ s t J(a)
p' q' s' t' 8kBT p' q' s' t')év
(11.5-9)
and
{ The =1/2 )
wip g s t](a) | §v wfp g s t(a)
b at s t']dv = nggr) o [p' et
(I11.5-10)

Equations (I1.5-3) and (11.5-6) reflect the fact that they
have been derived for a single component gas in that they
(k)
Iznl n'ipsp's' ° characteristic of
such a system. The generalization of (I1.5-5) and (I[.5-6)

involve the quantities,

15

to a binary gas mixture requires use of the Talmi transformation




as presented in Ref. 12. The resultant expressions are

(D) ) atkaray /2 {3, 8 ‘}

p a
y1/2 (k) .{2 qgn t ]Gv
X E'):n Q(kﬂi ) Ignzvinl;psp|s|(aa,av)0 R,. q| n| t. k
Ln (11.5-11)

oy sl

= (-ntate'y (koo g)t/2 19 q' k 1/
SIS RGN OUE RS {3,951 (a2

n
zlnl
[) a t ] ] ! " 2 q n t 6\)
4 S 4dnt42¢'-25"'-p (k) (ag,ay)o l 0 ] .
x (-1) (u.:) Ilnz'n‘;psp's' 62%v L'q'n thk
(11.5-12)
m, 1/2 (
. oo ¢ k) .
with a, = (ngf) , and Iﬂnz'n';psp's'(aé’“v) as defined
in Ref. 12.
Y dv Y v
J12. 9 n t wl2 g n t
In the above, o 2 q' n' t'Jk and o ' q' n' t‘Jk

are generalizations of the collision integrals given in equations

(1.4-15) and (1.6-9) and are similar except that in these

quantities, collision partner, a, is of species & , while b is




of species v . Thus, the generalization of the single component

- development of Part I to a binary mixture is accomplished by
properly considering the transformation to center of mass and
relative coordinates using the Talmi transformation.

Finally,

"U(.. 1/3 P ' 'k

< G eI Cobecoakae /23, 8 )

iy1/2y (k) d2 g n ot sy

X gn Q(k""z ) / ‘inl'n';psp's'(as’“v)c [9.' \'I' n' t'}k
Ln (11.5-13)

Mevy 120 14a*a*p" s (11K 20ty nfbans q q' K
n, kBT) (-1) E (-1)"a2(k)2(kqq )1/2{p. ) a}

« 7 a(kwet)/2(-n)d

n
L'n'
f
a an'+2¢' -~ t_n' , ..!fzq'nlt']d\)
(st k) rs e e ek
. v :
(11.5-14)




The above quantities may, in principle, be computed, and

consequently, so also the transport properties of a binary gas

mixture in an applied field.
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11.6 Summary

In summary, the linearized Waldmann-Snider equation is
generalized in section [I.1 to a binary gas mixture in an
applied magnetic field. The detailed nature of this generalization
is examined in section I1.2, and tensor equations are obtained
for the perturbation operators, by appearing in the perturbation
expansion of the singlet distribution function-density operators,
fk . The expressions for v, are used in section I11.3 to
obtain tensor equations for the transport properties of a binary

gas mixture in an applied field. In section Il.4, the tensor

equations for the transport properties are transformed into
Su'(p a s t )(a)
lpl qI SI t'JG\)

)
and S"[g. g. z, E.}gé) . And finally, in section I1.5, the

relative momentum collision integrals of Part I are generalized

scalar eguations involving the quantities

to collisions involving two molecules of possibly different

species. It is then possible to express the scalars,

S’[ﬁ. g. 2. E.}gi) and S"{g. g. :; E.]gi) , in terms of

the binary mixture collision integrals, o'[;. g. :. E.}iv and

W2 g n t)év

¢ ll' g' n t']k
With the results of sections I1.4 and [I.5, it is now

possible, in principle, to calculate the scalar quantities,

S.[p q s t}(a) and stiP a s tl](a)

Ul o Voo o , for a binary
pqStdv quSt&)

mixture and using them, solve a set of matrix equations to

P

T e —
GITH,. TP )
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obtain the shear viscosity, bulk viscosity, multi-component
diffusion, thermal diffusion, uniform composition thermal
conductivity, and flow birefringence of a binary gas mixture
in the presence of an applied magnetic field. The field effects
on the shear viscosity, thermal conductivity, and fiow birefringence
are the most widely studied and reported experimentally. 16,17

The uniform composition thermal conductivity can be related
to the experimentally measured thermal conductivity through the
Stefan-Maxwell equation. 3,9 To calculate the uniform composition
thermal conductivity to the same accuracy as the shear viscosity
and flow birefringence requires ¢ .arger basis set, due to the
greater importance of internal polarizations. Consequently,
calculation of the thermal conductivity requires the solution
of a larger set of scalar cquations than does caiculation of
either the shear viscosity or flow birefringence.

Calculations of conparable accuracy can be performed for
either the shear viscosity or flow birefringen e using basis
sets of essentially the same size.  Since the ficld effects on
the shear viscosity have heen widely studied crpoiimentally,
the shear viscosity is treated in detail in Part III. The
discussion there is intended as an example of the type of
treatment that is now possible for any of the transport

properties discussed in Part II.

Pra

o rj.‘fm»' .

I
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Appendix II.A Demonstration of the Relation Expressed in

Equation (11.3-19)

The relation given in (I1.3-19) can be demonstrated by
means analogous to those used in section 7.4.c of Ref. 9.
A sketch of the procedure is given here.

Using (I11.2-11}

2k, T HY <H!>
B',1/2 (0),o, k 5 Kk
L ("mk') Z Try f o M QT2 Ryt Wy Cie © 9y 9Py
" (11.A-1a)
- (0)| 2
=L T f R A R LT

The RHS of (I1.A-1a) can be written

2
rzl(IserrMIkr)Er]gkl - d, »  (ILA-Tb)

-
k):lTrk | dey fy ]

where & A = & A + & A . In the above,

(0) )
Ty I i i IR Arllyy - 4,

-(2n)%n2 Trk I dgk féo){Trr J dEr fio)[{J[ dp; dp&

x

' 1 ] 1 t 1
<”kr9kr!t!”kr9kr‘>(l—\k+l-\r)<"kr9kr‘5(E)t lukrgkf>6(9k+9r'9k-9;)}

-+

r

(I1.A-2)

o t
7o 03kl e8> (BtBe) - (AA Ruy gy 1t 0y 9, PG, -,
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g where the primes on g.“( ang 5'1 indicate a functional dependence
on E;( and p'r . respectively.

) Switching indices in the term quadratic in t and i
"symmetrizing", 1
Try | dp 00 ALy - 9,

ez e v 1 ey l0) (O
= -{T1)"h nrkTrr“ P 4P {' Jd o f L
o B | iy B> (A AL I 8y 6 (E) 1y 8>8Ry PR -Bi R
(—:ki‘.‘-l“& :
X ————
¢
-
Yoo ._../__._ ‘krgkvlt Sk AtA) .
- k
¢,.+C_, 71 4
. k_Zre i
A B i S T _}) " ¢
= ~{zr)%h Tr Tr I‘[ do dp ¢ o dn' an, £(0) f‘O)(Q +A )
= maeT r ; meEe bk k' =r !
ClosC, i
-kl <r:z . ' *
* i PG T ““krgkr“(”t LI L
|
* 8(py*Ey - ByoBr ) T (Ak+Ar) <“kr9kr;3:“krgkr ]
gk:."’-:r: . ot {
ST g T e > ) ’ : (11.A-3)
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where use has been made of the property6 that
' _ ' +
kel Ui T Oy U e 9> - (T1LA-4)

By removing the "symmetrization" from A A, » and utilizing

energy conservation,

(0) . - (0)rq .
T"k I dEkfk [“krer]gkl g T, { dErfr tﬂﬁkgki]er 4%

(11.A-5)

It can also be shown by similar but more straightforward means

that

(0) ) . { (0) )
Ty [ R Db Bedbp - 4y = Try | dopfe I8, LG A4,

(I1.A-6)

Fguations (I11.A-5) and (I1.A-6) allow the demonstration to

be completed. Beginning with the RHS of equation (II1.A-1),

(0)r (s X ‘
LT I W fio LS L IAG, - 4, |

. (0)r /s . !
) k%r Trr [ dgr fr ((16erk+ﬂ}k)gk£]6r gz : |

(I1.A-7)
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Using (11.2-13) and (I1.3-13),

£(0)
3; Trr J Pr r ’ X erk+a}k)9g] A gl

2

-y ¢(0) : “
- ) TrrJdg [ v Ly (e s g )

roor-rg rk- kz 2

) ! [__);r-d , (11.A-8)

. 0oy k5 __k_k .
LTry I o My 2 T Ml 49e

(T11.A-9)

and the sketch is complete.




134

REFERENCES
PART 11

1. L. Waldmann, Z. Naturforsch. 12a, 660 (1957).
R.F. Snider, J. Chem. Phys. 32, 1051 (1960).

Mot o
~n

3. L. Monchick, K.S. Yun, and E.A. Mason, J. Chem. Phys. 39, :
654 (1963). ;

4, C.S. Wang Chang and G.E. Uhlenbeck, "Transport Phenomena in
Polyatomic Gases", University of Michigan Engineering
Research Report No. CM-681.

5. G6.E.J. Eggermont, H. Vestner, and H.F.P. Knaap, Physica 82A,
23 (1976).

R.F. Snider and B.C. Sanctuary, J. Chem. Phys. 55, 1555 (1971).
L.W. Hunter and R.F. Snider, J. Chem. Phys. 61, 1180 (1974).

L.W. Hunter, J. Chem. Phys. 63, 345 (1975).

NDP\JG\

. J.0. Hirschfelder, C.F. Curtiss, and R.B. Bird, The Molecular =
Theogy of Gases and Liquids (J. Wiley and Sons, New York, 1
1952).

Non-Uniform Gases (Cambridge University Press, New York,
1952) (First edition, 1939).

10. S. Chapman and T.G. Cowling, The Mathematical Theory of ;1
r
{
{

11. R.F. Snider, Dissertation, University of Wiscansin (1958). ]

12. F.M. Chen, H. Moraal, and R.F. Snider, J. Chem. Phys. 57, ¥
542 (1972). :

13. F. Baas, J.N. Breunese, and H.F.P. Knaap, Physica 88A, 34 (1977). L

14. F. Baas, J.N. Breunese, H.F.P. Knaap, and J.J.M. Beenakker,
Physica 88A, 1 (1977). [

15, [I. Talmi, Helv. Phys. Acta 25, 185 (1952). ‘3

16. J.J.M. Beenakker, Festkorperprobleme VIII, 275 (1968).

17. J.J.M. Beenakker and F.R. McCourt, Ann. Rev. Phys. Chem. 21,
47 (1970).




PART III.

SHEAR VISCOSITY IN A MAGNETIC FIELD

III.7 Solution of the Transport tquations for a Binary Mixture—

Example: The Shear Viscosity

The equations describing the effect of a magnetic field
on the transport properties of a binary gaseous mixture,
developed in Part II, are valid for mixtures in which both
components are diatomic. Since a calculation for a diatom-
diatom mixture {(or pure diatomic gas) is considerably more
difficult than an atom-diatom mixture in which the diatomic
species 1s present in low concentration, the solution of
equations {11.4-31) and (11.4-4]) for the shear viscosity
tensor in this special case is considered in further detail.
Thus, the equations of the previous chapter are reduced by
considering the 1imit in which one of the diatomic species

becomes spherical while the other diatomic is present in

low concentration.
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In section II1.2 an expression for the shear viscosity is
obtained subject to the above restrictions. The truncation of
the basis set is that used by Hunter ! in a discussion of a
single component diatomic gas. In section [II.3, the collision
integrals involved in the shear viscosity calculation are
examined in some detail. Their calculation in the classical
1imit is outlined in section IiI.4. Finally, a qualitative
comparison of the field effects predicted by the expression
obtained in section IIl.2 with experimental observations is

discussed in section II1.5.
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111.2 Spherical Components of the Shear Viscosity Tensor

. In this section, expressions for the components of the
shear viscosity of a binary mixture in an applied magnetic field
are obtained using a truncated basis set. The results are
expressed as ratios of determinants. For the special case in
which only one component of the gas is diatomic, while the other

js atomic, simplifications are possible. [xpressions for this

special case are aiven in detail.
Recalling equation (I].4-41), ny s determined by the
; Y O 2000 2000
expansion coefficients, B(ng;] , and B(ng;Z » where the
subscripts, 1 and 2, label the two species present in the

binary mixture. If the basis set for each species is truncated

to include only the terms pqst = 2000 and 0200 , (requiring
a = 2) equation (II1.4-31) yields the following set of equations:

(0))](]2)_’_5"(::000)(2)+Sl(2000\(2)-

0
2000']2_ 2

+B"(2

2000y(2)] , 0200 cu (2 e
0200)12 !*B(Z)m;zs (‘5338)]2) ! g

(I11.2-1)
|

. p000 ,,2000((2) 2000 | ¢,,2000((2) .. 2000(2) ,, 20002
V2 = B2)m;1S (2000)21‘*3(2)m;d_5 (2000)5,*S (20000555 (2008#23]

0200 . 2000,(2). 0200 [.,,200002) . 2000(2) 2000(2)]
* Bi2ym;13"(0200) ‘B(z)m;J_s (0200)55*S (0205)22*5'(0200)21_| ,

- (I11.2-2) Ii
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2000 S,.(ozoo)(Z)
(2)m;2° ‘2000732

Bl (3530152

1125+ (53000 52)

(111.2-4)

and 82999  can then be expressed as ratios of

(111.2-5)
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: Following Ref. 2, n, <an be written as the ratio of
, determinants:
(m) (m) (m)  L(m) ny
Mt W2t M3t Mo
(m) (m) (m) ,(m) n2
Hay' Mot M3t Myt 3
- (m) (m) (m) (m)
"m o H3] H32 H33 H34 0 (II1.2-8)
(m) (m) (m) (m)
Hey' Hapt Hg3” Hg' O
n nz
n i t] 0 0
L
' (m)
w7
in which
(m) _ 4_,"_‘, (m) .
HiJ = kBTn“ Aij for 1i=1 or 3
(111.2-9)
- __?i,_ {m) for i=2 or 4
kBTné 1]

If one of the cconstituents of the binary mixture is atomic,
the term with pgst = 0200 1is no longer an allowed member of its

basis set, and (111.2-7) no longer applies. For the case in

which species 1 is atomic:




I
xl Xz 0 0
n, = (111.2-10)
U A
R
(
B P O

n.
where X, = 7% is the mole fraction of species i .

Letting

t . e t " t
s % 5 =[50 35 B e e, 3 s ol

(II1.2-11)

and expanding (I11.2-10)

n
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Now, for x. small, equation (111.2-12) can be expanded
in powers of x, , yielding
f T 2
nm = “:‘.k.g._- A[]+( )X2+X2(....)+...] .
(I111.2-14)
Evaluation of A/E is immediate by inspection:
i "ooo
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For concentrations of the diatomic species sufficiently

small, only terms to first order in x, need be kept, i.e.,only

the first two terms in (111.2-19). Under these conditions,




" depends only on cross sections for atom-atom and atom-diatom

collisions. The primary contribution to "m is, of course,

ulk T
V ‘88 ] ey The effects of the field and
0(2000)]

atom _
n =

2000
the corrections due to the presence of the diatomic occur in

the term first order in x, , with all of the field dependence

isolated in the imy and imd terms.




II1.3 Expressions for the Scalars Involved in a Computation

of the Shear Viscosity Tensor of an Atom-Diatom Mixture

To calculate the shear viscosity tensor for a small

concentration of diatomic species in a predominantly atomic

gas, the first two terms of equation (III.2-19) are sufficient.

These terms involve ten scalar guantities, one for atom-atom
collisions and nine for atom-diatom collisions. Of the nine
atom-diatom scalars, five are of the o' type, while four are

of the ¢" variety. The scalar quantities needed for such a

2060 2000 2000
calculation are 0(2000)§2) R c'(2000)£$) , o‘(2ooo)$§) ,
, 2000, (2) , 0200 (2) , 0200 (2) w2000, (2)
o (o§00)2] s O (2000)2] » © (0200)2] s O \zooo)Z] .
00 (2} 2000 0200
o“(gooo)]z' . o"(ogoo)gg) . c"(zooo)gf) , where once again,

1 is the atomic species and 2 the diatomic.
Equations (11.5-11) and (11.5-12) give expressions for

the above quantities in terms of the collision integrals,
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involve the quantities, 1

wi® Q n ot 6y
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tkg'n';psp's'(aé’av) ’ rESU]ting

These expressions

from the Talmi transformation, six of which are needed for

the calculation discussed here:
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Using the above and the relation

£ q n t)(SV
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w2 g n tiév _ qkoqn tisv ‘
v ont otk = 9 (gt on o)k Sxq° (ion o

which requires k be zero if q=q'=0, equations (II.5-11) and

(11.5-12) can be evaluated for the scalars of interest:
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and

B » 0200 (2) _ m2 , 10200 21 .
o (2000)21 s Tepm) 5+0 (2000)2 . (111.3-2j)

In (111.3-2a), (111.3-2b), (111.3-2c), (111.3-2g}, and ((II.3-2h},

use has been made of the fact that

0000.4 9000, 5y .
0'(0000)8V = c"(oooo;o’ =0 . (I11.3-3)

L msinn .

Equations (1.4-15) and (1.6-9) can now be used to obtain
- expressions for the nine collision integrals appeiving in

(111.3-2) above.

- In general, i.e., if both collision partners are diatomic,

equation (1.4-15) yields
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1f one of the collision partners is spherical, the reduced

scattering matrix, S , is indevendent of the angles associated
with the orientation of that collision partner, and the J
quantum number associated with rotational states of that

collision partner vanishes. Now, utilizing the fact that

S(ja'jb'A!SaSb) = exp [ZiH(ja'jb'AiSaSb)] s
(I11.3-5)

where H(ja'jb'AISaSb) is the generalized phase shift
£

introduced by C. F. Curtiss, > the o'(233%)%¥ collision

integrals appearing in (II1.3-2) can be written,
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o' (2000)}! = g5 e g o100 - =08 % 3
x ) S e T’ e2i[H1(A)-Hf(A‘)]]} : (I11.3-6c)
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The o'(1900 collision integrals are treated in a

similar manner to yield

1000 2
o (1000)0 = 3

3, 500) {3 6y - (827! T Talan)ipy.)
' a

At -y2 ok
* [o 0 o] J dyv? e J ds, exp[-2iH;, (3 1'1S,)]

RENOIER S
i—( Y pula) atula)

X IZYZ 21 kBT K(a))/{l exp[21H71(J S )]-!} (I111.3-7a)

and

1000 2 LY . 2y -1 .
o' (oo0)? = £t ) e {3 60 (80)7 ] LsOXpy)
I
SNUIR) B S x
x lo 0 O] j dyy? e } dSb exp[-21H12(JbA |sb)]

[ X *
A=ty {b)

x - 3 |
-1 [ {b) LY 0}_[

. _(YZ'ZIQIKBT SO exp[Zile(jt')A‘|Sb)]]} . (111.3-7b)

The remaining collision integrals appearing in (I11.3-2) are
treated individually and yield somewhat more complicated

expressions than those of (I11.3-6) and (I11.3-7).
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and

o"(

Using equations (I.4-15) and (I.6-9), 0'(3?88)21 and

2000
0200);2 can be written

2000, 2 2/3 12 - ‘o
0200), = -—75—# x (8r2)7! T {G(Jé)(Pjé)

B
Jak

X

(121900 8 R e a2 )
a a

x ¥ () I dyy? &7 | ds, exp[-ZiH;I(jéAISa)]Dio(Sa)

a=-2
j-_h—nga) (2 J; ‘]é
x (-1) a -1, (a) | (a)
- h L3a +a -h~ Laa
] 1 . .,
) [Z'ZIZkBT K(a)- exp[21H21(Ja>‘lSa)]} , (I11.3-8a)
2000012 _ 23 _MZm_g gy .,
0200)2 - 75 UlszT x (81! ) JEX{G(Jb)(pJB)

X

/
@@ 7 rED e a200)
b Ib

2 f 2
.y -0 ~-y4 S X
I e e [ asy exol-2i1, (g1,

T T LU L )
a A1L{PLy -1, (D)

X

X,

(-1) ]DZO(Sb)

x

I_-,Z-Z—I—zlk—BT K(b)] exp[Zile(jt')A]Sb)]} ’ (I11.3-8b)
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0200 0200 2
while o'(zooo)g] and 0'(0200)0] become

0200 1

o (2000)2 = -7’13_-—;?7 x (8n2)-1 § {(pj.)az(n‘)

¥ ARYS a

B
R T TP PRt
==2 B: -
ﬁ'l'(a)( A X 2]’1

r
2
x 1,(2,-a)D 4(S,) ‘!(") A (Pl J

« [R50+ ()] expl 2ty (515,01 » (111.3-8¢)

and

0200 1 fi2q 5 . ) -1
o (0200)%1 = EW {[-Z)i uz()«)] (8n2)

< 1 M, )([J}(Z) 121¢?) 3’2 RE e, Jet) 1, (- LIC e

a aa'8
Ja

r £ * O}
J dyy e ] ds, exp[-21H21(JaA1$a)]

it ﬁ’lL(a) { 3 i !
x 02, (S )(- 1) ° l-“' ﬁ'ngaLaﬂh‘ngaﬁ

) Y AU,

x 16(2 -a)D (S ) IL )(f '+§le_8-1r (a))]

(111.3-8d)

« expl2ifpy (325,)1} -

gL
5
1




From equations (II1.3-6a) and (II1.3-6b) and equations
(I11.3-7a) and (I11.3-7b) it is apparent that

2000 2000
o'(zooo)g' c'(zooo)éz (111.3-9)

and

1000 1500 12

o‘(xooo)g] = 0'(1JW0)O (111.3-10)

Thus, seven collision integrals need he evaluated tu obtain the
five spherical components of the viscosity tensor Ffar an

atom-diatom mixture subject to an applied field. In the next

. ) 2000 2000
section, these collision integrals, o'(zaoo);] . 0'(2000)31 .

,,1000 2 | 12000 ;2000 , 0200 2
g (1000)0] » O (ozoo)gl , O (ozoo)},_2 , O (2000)2‘ , and

0200, 21 . . . .
o (ozoo)o » are written in forms appropriate for computational

purposes.
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111.4 Classical Limit Expressions for the Collision Integrals

Expressions for the classical limits ot the seven collision
integrals listed at the end of section III.3 are next considered.
The procedure for obtaining such classical limits is discussed
in detail in the work of K. Squire 3 and R. Wood, 4 and
consequently, is only sketched here.

An expression of the form

[[ ds_ds, o~ 2iH* (3a3pr " [S,5p) 4 (27H(Jaibr]SaSh) »

J

where A is any operator in the space of the six Euler angles

indicated by Sa and Sb » may be rewritten as
II ds,ds, e~ 2 1% Jaib{SaSp) ;21 [H* (Jadbr|SaSp)-H*(Jaibr ' |SaSb)]

A o2i1(Jadb)[SaSp) (111.4-1)

It is shown in Ref. 5 that there exists a unitary operator,

P(X;Sasb) , such that

2iM(3.3.1]S.5, ) 2in
e abiTath’ P(5S,S) e (111.4-2)

where n, is the spherical phase shift. This makes it possible

to write (111.4-1) as

—————
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20 [H* (3,00 IS, 8p ) -0+ 3y a1, 5y) ]

-1 .
IJ dSadSb P (A,SaSb)e

(I111.4-3)

x A P(A;SaSb) = f[ dSadSb e

. . 1=p e (. . = 34_y -
in which A =P (A,Jasb) A P(x,sasb). £.= A'=1 ; and the
generalized angle of deflection, Xf(jajb"sasb) , 1s defined

such that
1. (s s Comlg.. .. C s L.
- 7Exg (33218, Sy) = PGS, SN (G 3ia IS, Sp)-H¥ (3 dpa+e]S,Sp)]

« P(X3S,.5,) , (111.4-4)

and consequently,

. 20[H*(§_3,2]S S, )-H*(3 3, 3*+£]S 5,)]
P 1(A;SaSb)e a’b™'"a’b ab” *"a’t P(1;5,5,)

-igx_(3,3.A]S.S,.)
= g &TabiTath (111.4-5)

~

Next, the operator, A , is replaced by the classical limit,
A(Sasb) , which is a function, 5 and Xg is replaced by its
limit, which is a function independent of & . Finally, infinite
sums over discrete indices are replaced by corresponding integrals

over continuous variables. Details of the above procedure are

discussed in Ref. 5.
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Carrying out the above, the classical limits of

2000 000,2 1000 .
g (°oon)n y O (5000)0] , and 1000)2] are given by the
following expressions:
Classical ,
2000 -
o'(zooo)al Lamit %% { bdb [ dyy’e”Y sin2, , (I11.4-6a)
C]as<ical _
ﬁooo mit 2
- 1« (a) 9 Mga?i_ 1
x !y "ZkaBT -I[§1n X9, (S )+'?HT§EETY7'b‘ cos le(S )
(111.4-6b)
000 Classical 4 ) i -€ ¢
! -y c i ro
‘(100')21 Bmic ~+j%'[ dye”Y J bdb {y 5-2v" } de ot®
x  (8r?)- ( ds i* 2. 1 K(aﬂ]/7
a [V e N
r ga) ]7‘/
i 1 ..
x %] - ? -vB-T- bﬂ*i COS A 21 (Sa)] N (111.4"6(:)
in which b 15 the classical impact parameter, 6 € is the

rot
dimersionless ratational energ 6 of the diatomir molecule,
N

X, is the spherical angle of deflection for coliiding atoms,

Yzl(Sa) 1s the generalized angle of deflection for an atom-

diatom collision, and Mga) and K(a) are tunctions defined

in Ref. 5.
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000 2300
The classical limits of o (ozoo)g , a"(uzoo); s

o'(zggg)g] , and a‘(gggg)g] are somewhat more difficult to obtain.
They are found by replacing Hga)* by Mga) » Lga) by Lga) ,
K@) by @) g (2,000 by 119)(2,-a), and D2.(S,) by
6§B(Sa) , and again introducing the generalized angle of

(a) (a) «(a)

deflection. The quantities M3 ' , L3’ , and are those
of References 4 and 5, while I(a)(2,~u) and Diﬁ(sa) are

the classical limits of P "'1_{(2,-a)P and P"Dl"w(f\f.d)P .
respectively. The classical limits of the Roz) Wang Chang-
Uhlenbeck po]ynom1a1s are 1ndependent of the argunients. They
are [3;( ) - )] » while ([J1°°7: 177Dy,

is g Ja (J +1) [43 (J +|)-3] . Following Reference 5 and

2000, 2]
utilizing the above, the classical limits of o'{(a> 00)2 s

(%388)2 R o'(zBoo)z , and o'(ozoo); may be obtained.

Once the classical 1imits of the seven collision integrals
discussed in this section have been obtained, it becomes
possible to compute them numerically. The methods used by
R. Wood for a Lennard-Jones 6-12 potential with P, anisotropic
attractive and repulsive terms may be extended in a straightforward
manner to the collision integrals involved in a calculation of
the shear viscosity tensor of an atom-diatom system subjected

to an applied magnetic field. Though straightforward, the

computations indicated here are expected to be quite lengthy.




1t is possible, however, to discuss the nature of the effect
of an applied field un Lhe viscosity tensor obtained in
section 111.2 without carrying out such a calculation.

This is discussed in the following section.
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I11.5 Relationship of Ny to Previously Calculated and

Experimentally Measured Results

In this section, attention is focussed on the qualitative
behavior of n_ as given by equation (I11.2-19). Both low and
high magnetic field limits are examined, as well as the spherical
1imit and the experimentally measureable quantities. Qualitatively,
"o is shown to be consistent with recent computations 4 of n
in the absence of a field, and with the measurements of Beenakker
and others 7 of viscosities of gases with diamagnetic diatomic

components in the presence of an applied magnetic field.

Recalling equations (III.2-19) and (111.2-20},

Ny = patom {“'Xz[iig%};%g%%]} . (111.5-1)
with
atom _ ,"hkg! ) )
n = (g =7 (111.5-2)
0(2083)] ’

and in which only terms to first order in the mole fraction of
the diatomic species have been kept.

In the limit that the magnetic field, ”M , goes to zero,
¢ and ¢ go to zero, and

Hy 0
Ny —= Ny (I11.5-3)
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with
ng = n?tOM {14x, ¥ (111.5-4)
If expanded in orders of the anisotropy of the atom-diatom
potential, the zeroth and first order terms of ng are,
respectively,
atom, 1 2000, (2) a 2000, (2)
no(0) = { +X2_j€ﬁ'°(20 o)] {/E;-o( o)]
1
- u,2000,(2 —— 1,2000
s oo(zooo)fz) - o 00(2000)§$)}
1 02000,(2) w,2000,(2) _ 1 .,2000,(2) ,, 2000 (Zﬂ
+ 7 00(2000) 57 00 (2000)47" - 5 ag(2000)75 00(2000) 5y
1 -1
1, 2000
x /;I;;;-0(583Q)§2)00(§ooo)£$) (II1.5-5)
and
(1) = 0. (111.5-6)

In the above, the collision integrals subscripted with zeros are
the contribution to the collision irtegral from the spherical

portion of the interaction potential, i.e., the zeroth order

in the arisotropy contribution. Through first order in the
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anisotropy, n, is identical to n computed by R. VWood. 4

(See Appendix III.A.} The second and higher order contributions
are expected to differ slightly due to the somewhat different
truncation procedure. (See section I1I.2.)

In the spherical limit, i.e., the limit in which only
terms to zeroth order in the anisotropy of the potential are

kept, ¢ ,a~0, and nm(O) becomes

spherical ~ "spherical
independent of both the field and the index m . This is as
expected, since the field effects are due to the non-sphericity
of the interaction potential.

In the large field limit, "m again becomes independent
of the field. For m = 0 , of course, it is identical to the
low field 1limit. However, for m # O
by

0+ x2Y (111.5-7)

M  atom
——n Ce

Since all field dependence is isolated in ¢ and o ,

(I11.5-7) can be written (¢ and ¢ are both proportional to

(wL)Z
, which is proportional to HM/p)
. Yujkag b
(Hye) > 221 4 x, i b
"m0\ "M 2000, (2) ,,2000,(2) _,,0200,(2)
a(2000)" 0" (2000) 57 0" (0209) 53

s et
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which is clearly independent of field. "me(HM*m) is identical

to ng(0) if the zero subscripts are removed from the atom-diatom

collision integrals occurring in ng{0) . The fact that

“me(HM+m) is independent of the field is explained physically

by the fact that the precession frequency becomes much greater

than the collision freguency, resulting in a statistical

averaging 8 of the diatomic species for large field. The

net result is a saturation of the Senftleben-Beenakker effect

and is observed experimentally. 7.8
Turning to experimental results, the quantities that have

been measured 8 are the changes in %(nz'n_z) , }(nl—n-l) .

and %(n2+n_2+n1+n_1) induced by an applied magnetic field.

The first two quantities are

i . 4 atom a+b)¢-by
3("2"’1-2) = 3n X5 é'[)H;W (I11.5-9a)
and
1 2 at +b)¢-bs 111.5~9b
Hmeny) o § a7ty Soblgbe )

The interesting point to note here is that since both ¢ and ¢

are directly proportional to HM/p ,» the above guantities are

odd with respect to the field. This is observed experimentally. 8

CRTY

L4
3
|4
{
)
}




The third quantity, measured by Beenakker and co-workers,a'9

is (to first order in x,)

-4n {4nn-(nz+n-2+n1+n__11} =~ X2 {[5+8¢21[(a+b)92-bw¢]}
n 4ng 2 c[1+5¢2+4¢4]

(I11.5-10)

This expression is even in the field, as is observed
experimentally. Furthermore, in the low field limit, %?- is
proportional to the square of HM/p , while in the high field

1imit, it becomes constant:

Jan TS Garh) JETHET b }
" o388 (Do (388D (Do (83805

(I11.5-11)

(- %?) grows monotonically from zero to the above saturation
limit. A1l of these characteristics are consistent with
experimental observations.
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